B(11,72)-CONTINUOUS MULTIFUNCTIONS ON BITOPOLOGICAL
SPACES

KAEWTA LAPROM

A Thesis Submitted in Partial Fulfillment of Requirements for
Master of Science (Mathematics Education)
March 2020

Copyright of Mahasarakham University



fadfunasmaaiiion 5(n, ») uwiligidelunewalad

ANTIRANNE
1949

WM BATNTH

WnadeuvInm Sonmarsmu ailndunitesnesmsdnmamamdngas
Faaningamaasumiinia araMimnamaaaasdni
AuaN 2563
aransiluseuvmingdoamansau



The examining committee has unanimously approved this thesis, submitted
by Miss Kaewta Laprom, as a partial fulfillment of the requirements for the Master

of Science in Mathematics Education at Mahasarakham University.

Examining Committee

......................................... Chairman

(Asst. Prof. Supunnee Sompong, Ph.D.) (Faculty graduate committee)

......................................... Committee

(Asst. Prof. Chawalit Boonpok, Ph.D.) (Advisor)

......................................... Committee

(Asst. Prof. Chokchai Viriyapong, Ph.D.)  (Co-advisor)

......................................... Committee

(Asst. Prof. Jeeranunt Khampakdee, Ph.D.) (Faculty graduate committee)

......................................... Committee

(Chalongchai Klanarong, Ph.D.) (Faculty graduate committee)

Mahasarakham University has granted approval to accept this thesis as a
partial fulfillment of the requirements for the Master of Science in Mathematics

Education.

(Prof. Pairot Pramual , Ph.D.) (Assoc. Prof. Krit Chaimoon, Ph.D.)

Dean of the Faculty of Science Dean of Graduate School



ACKNOWLEDGEMENTS

Firstly, I would like to express my sincere gratitude to my advisor, Asst.
Prof. Chawalit Boonpok, and co-advisor, Asst. Prof. Chokchai Viriyapong, for the
continuous support of my thesis, and for their patience, motivation, and immense
knowledge. Their guidance helped me in all the time of investigating my interesting
theorems and writing of this thesis. I could not have imagined having a better advisor
or mentor for my study.

Besides my advisor, I would like to thank the rest of my thesis committee:
Asst.  Prof. Supunnee Sompong, Asst. Prof. Jeeranunt Khampakdee and Dr.
Chalongchai Khanarong, not only for their insightful comments and encouragement
but also for interesting questions.

My sincere thanks also go to my seniors, who answered my questions that
were important to my study. Without their precious supports, it would not be possible
to conduct this thesis.

I would like to thank my family including my parents and my brother for
supporting me spiritually throughout writing this thesis and my life in general.

Lastly, I cannot have opportunity to be a graduate student without the support
of the government unit called “The Promotion of Science and Mathematics Talented

Teacher (PSMT)”, which provided me a scholarship until I graduated.

Kaewta Laprom



i

TITLE B(11, T2)-Continuous Multifunctions on Bitopological Spaces
CANDIDATE Kaewta Laprom
DEGREE Master of Science MAJOR Mathematics Education
ADVISORS Asst. Prof. Chawalit Boonpok, Ph.D.

Asst. Prof. Chokchai Viriyapong, Ph.D.
UNIVERSITY Mahasarakham University YEAR 2020

ABSTRACT

The purpose of this paper is to introduce the concepts of 3(7q, 72)-continuous
multifunctions, almost (1, 72)-continuous multifunctions, and weakly [5(7,72)-
continuous multifunctions. Moreover, some characterizations of these multifunctions
are investigated. Besides, the relationships between upper and lower [(7,72)-

continuous multifunctions and the other types of continuity are also discussed.

Keywords :  737»-/3-open, upper (71, 72)-continuous multifunction, lower

B(11, T2)-continuous multifunction



11

a

#a1309 ianfunangadeiiies B(r, =) uuﬂ%gu@ﬂumawﬁaﬁ

§IAY PWNENLNIN UAINWIHN
USauan ANNNFATNNLTHAN  d191  AAFFATANN
o’d' < v [ a
a1y dnlin  fiumans g a3. 189 Yaln
gihemannnsd as.lnais Sosmad
NWIINY1aY NUINIFONNAITIN  TNANK 2563

UNANYD

Tagilszasaneemnieasiiiioianoumdasesieniunasmdatiio

¢ o ' ' { ¢ o 1o { ' !
nfunasannovdoiio  B(m, ) uasiNnfunaloadeiitotoNoon

o v 13
o

e me lRn N e g AT WA a1 wananidinanieau-
iy

6 o ' ' P [y ' « «
WD FRUaeMaaLiiaN B(1, 72) NUANNADLHBNLIZINNDUY)

fmdwny :  Eaila r7-6, Wanfunanomaatitosun B(r, ),

Henfurasaeiiesdns 8(n, »)



CONTENTS

Page

Acknowledgements i
Abstract in English ii
Abstract in Thai jii
Contents iv
Chapter 1 Introduction 1
1.1 Background 1

1.2 Objective of the research 1

1.3 Research methodology 2

1.4 Scope of the study 2

Chapter 2 Preliminaries 3
2.1 Bitopological spaces 3

2.2 Multifunctions 12

Chapter 3 B(11, T2)-continuous multifunctions 14

3.1 Characterizations of upper and lower (71, 72)-continuous
multifunctions 14

3.2 Characterizations of upper and lower almost (5(7, 72)-

continuous multifunctions 21

Chapter 4 Weakly (7, 72)-continuous multifunctions 27
4.1 Weakly 3(r,7)-continuous multifunctions 27

Chapter 5 Conclusions 35
5.1 Conclusions 35

5.2 .. Recommendations 39

References 40
Biography 42

v



CHAPTER 1

INTRODUCTION

1.1 Background

General topology is an important mathematical branch which is applied for
many fields of applied sciences. Continuity is a basic concept for the study in
topological spaces. Generalization of this concept by using weaker forms of open sets
such as semi-open sets [1], preopen sets [2] and [S-open sets [3] is one of the main
research topics of general topology. In 1983, Monsef et al. [4] introduced the classes
of [-open sets called semi-preopen sets by Andrijevi¢ in [3]; moreover, Monsef et
al. [4] introduced almost [-continuous functions in topological spaces. From 1992
to 1993, the authors[5] obtained several characterizations of 3-continuity and showed
that almost quasi-continuity [6] investigated by Borsik and Dobos was equivalent
to [-continuity. Therefore, in 1997, Nasef and Noiri [7] investigated fundamental
characterizations of almost [-continuous functions. A year later, Popa and Noiri [8]
investigated further characterizations of almost S-continuous functions. In 1992, Khedr
et al.[9] generalized the notions of F-open sets and investigated (-continuous functions
in bitopological spaces. Furthermore, in [10], [11], and [12] from 1996 to 2000, the
authors extended these functions to multifunctions by introducing and characterizing
the notions of [S-continuous multifunctions, almost (-continuous multifunctions, and
weakly [-continuous multifunctions in topological spaces.

Therefore, we are interested in defining upper and lower 5(7y, 7 )-continuous
multifunctions and investigating some characterizations of these multifunctions.
Furthermore, almost (71, 72 )-continuous multifunctions and weakly (71, 72)-continuous

multifunctions were investigated.

1.2 Objective of the research

The purposes of the research are:
1.2.1 To define and investigate the characterizations of upper and lower

B(11, T2)-continuous multifunctions.



1.2.2 To define and investigate the characterizations of upper and lower almost
B(11, T2)-continuous multifunctions.
1.2.3 To define and investigate the characterizations of upper and lower weakly

B(11, T2)-continuous multifunctions.

1.3 Research methodology

The research procedure of this thesis consists of the following steps:

1.3.1 Criticism and possible extension of the literature review.

1.3.2 To define and investigate the characterizations of upper and lower
B(11, T2)-continuous multifunctions.

1.3.3 To define and investigate the characterizations of upper and lower almost
B(11, T2)-continuous multifunctions.

1.3.4 To define and investigate the characterizations of upper and lower
weakly (71, 72)-continuous multifunctions.

1.3.5 To make the conclusions and do a complete report to offer Mahasarakham

University.

1.4 Scope of the study

The scopes of the study are: defining and investigating the characterizations
of upper and lower ((1;, 72)-continuous multifunctions, the characterizations of upper
and lower almost ((1y, 75 )-continuous multifunctions, and the characterizations of upper

and lower weakly ((7y, 72)-continuous multifunctions.



CHAPTER 2

PRELIMINARIES

In this chapter, we will give some definitions, notations, dealing with some

preliminaries and some useful results that will be duplicated in later chapter.

2.1 Bitopological spaces

Definition 2.1.1. [13] Let X # () and 7 be a collection of subsets of X. Then, 7 is

called a topology on X if and only if 7 satisfies the properties:
1. 0,X er.
2. If G1,G5 € 7 then G; NGy € 7.
3. If G; € 7 for all € J then Ujc;G; € 7.

The pair (X, 7) is called a topological space. Sometimes this research, spaces

(X, 7) (or simply X) always mean topological spaces.

Definition 2.1.2. [13] Let X be a topological space, and A C X. The interior of A is
the set given by Int(A) = U{U € X : U C A and U is open}.

Theorem 2.1.3. [13] If X is a space and A C X, then the following are true:
1. Int(A) is an open set.
2. Int(A) C A.
3. If AC B C X, then Int(A) C Int(B).

4. If U is an open set with U C A, then U C Int(A), that is Int(A) is the largest

open set contained in A.
5. For every A C X and B C X, Int(AN B) =Int(A)N Int(B).

6. For every A C X, A is open if and only if A = Int(A).



Definition 2.1.4. [13] If A is a subset A of a topological space X, then the closure
of A is the set given by CI(A) =N{F C X : F is closed and A C F'}.

Theorem 2.1.5. [13] If X is a space and A C X, then the following are true:
1. CI(A) is an closed set.
2. AC CI(A).
3. If AC B C X, then CI(A) C CI(B).

4. If F is an closed set with A C F, then CI(A) C F, that is CI(A) is the smallest

closed set containing in A.
5. Forevery AC X and B C X, CI(AU B) = CI(A) U CI(B).
6. For every A C X, A is closed if and only if A = CI(A).

Proposition 2.1.6. [3] For a subset A of a topological space (X, 7), the following

properties hold:
(1) CI(A) NG C CI(AN@G) for every open set G.
(2) Int(AU F) C Int(A) U F for every closed set F.

Definition 2.1.7. [15] A collection A of subsets of a space X is said to cover X, or
to be a covering of X, if the union of the element of A is equal to X. It is called an

open covering of X if its elements are open subsets of X.

In this investigation, we study on bitopological spaces. According to Kelly
[14], a bitopological space (X, 7y, 72) is a set X with two topologies, 73 and 75 on the
space. Let A be a subsets of bitopological space (X, 7y, 7). The closure of A and the

interior of A with 7; are denoted by 7;-C1(A) and 7;-Int(A), respectively, for i = 1, 2.

Definition 2.1.8. [16] Let (X, 7, 75) be a bitopological space and let A C X. Then,
A is called (i, j)-semi-open if A C jCl(iInt(A)), where i # j = 1,2. The complement

of (i, 7)-semi-open set is (i, j)-semi-closed.



Definition 2.1.9. [17] Let (X, 71, 72) be a bitopological space and let A C X. Then, A
is called (7, j)-regular-open if A = iInt(jCI(A)), where i # j = 1,2. The complement

of (i, j)-regular-open set is (i, j)-regular-closed.

Definition 2.1.10. [18] Let (X, 73, 72) be a bitopological space and let A C X. Then,
A is called (1, j)-preopen if A C iInt(jCl(A)). The complement of (i, j)-preopen set
is (i, 7)-preclosed.

Definition 2.1.11. [9] Let (X, 71, 72) be a bitopological space and let A C X. Then,
A is called (7,7)-B-open if A C jCl(iInt(jCI1(A))). The complement of (7, j)-3-open
set is (i, )-5-closed.

Note: In our research, we let 7 7,-semi-open, 77o-preopen, T7>-3-open and
T To-regular-open represent (2, 1)-semi-open, (1,2)-preopen, (2,1)-5-open and (1,2)-

regular-open respectively; moreover, we do complement of those in the similar way.

Example 2.1.12. Let X = {a, b, ¢} with topologies 71, = {0, {a},{b}, {a,b}, X} and
Ty = {@a {a’}a {CL, b}7 X}

1. It is easy to verify that there are five 73 72-semi-open such as ), {a}, {a, b}, {a, ¢},
and X; furthermore, five 7 75-semi-closed sets on X are (), {b,c}, {c}, {b}, and

X.

2. It is easy to verify that there are three 7 7>-regular-open such as (), {b} and X;

furthermore, three 71 75-regular-closed sets on X are ), {a,c}, and X.

3. Tt is easy to verify that the 7175-preopen on X are (), {a},{b}, {a, b}, {a, ¢} and
X; furthermore, six 7 7,-preclosed sets on X are ();{b,c}, {a,c},{c}, {b}; and
X.

4. 1t is easy to check that {a} is a 7 79-3-open set but {¢} is not a 7 7»-3-open

set. Therefore, we know the complement of {a} is 7 7m»-5-closed set.

Definition 2.1.13. [19] Let (X, 7, 7) be a bitopological space and A be a subset of

X. Then, 1179-semi-closure of A denoted by 775-sCI(A) is defined as

7179-SCI(A) = N{F C X : F' is myme-semi-closed in X and A C F'}.



Definition 2.1.14. [9] Let (X, 7, 72) be a bitopological space and A be a subset of X.
Then, 7y 73-preclosure of A denoted by 7 75-pCI(A) is defined as

7172-pCl(A) = N{F C X : F'is myme-preclosed in X and A C F'}.

Definition 2.1.15. [9] Let (X, 7y, 72) be a bitopological space and A be a subset of X.
Then, 7175-3-closure of A denoted by 7y7-SCl(A) is defined as

T179-BClI(A) = N{F C X : F is my7-f-closed in X and A C F'}.

Example 2.1.16. Let X = {a,b,c} with topologies 7, = {0, {a}, {b}, {a,b}, X}

and 7 = {0, {a},{a,b}, X}. Let A = {c}. Then, (X, 7, 72) is a bitopological space.
In example 2.1.12, 77»-semi-closed in X are 0, {b, ¢}, {c}, {b}, and X. Clearly, A C
{b,c} and A C {¢}, then 7175-sCI(A) = {b,c} N {c} = {c}. Moreover, in example
2.1.12, mymo-preclosed in X are 0, {b,c},{a,c},{b},{c}, and X. Clearly, A C {b,c},
A C{c} and A C {a,c}. Hence, my1-pCI(A) = {b,c} N {c} N{a,c} = {c}.
Moreover, it is easy to check that 7375-8CI(A) = {c}.

Definition 2.1.17. [19] Let (X, 71, 75) be a bitopological space and A be a subset of

X. Then, 11 79-semi-interior of A denoted by 7 75-sInt(A) is defined as
1 7e-sInt(A) = U{G € X : G is Ty7p-semi-open in X and G C A}.

Definition 2.1.18. [20] Let (X, 7y, 7) be a bitopological space and A be a subset of
X. Then, 1y mp-preinterior of A denoted by 71 75-pInt(A) is defined as

T1me-pInt(A) = U{G € X . G is 7, m»-preopen in X and G C A}.

Definition 2.1.19. [9] Let (X, 73, 75) be a bitopological space and A be a subset of X.
Then, 7y79-F-interior of A denoted by 7 72-5Int(A) is defined as

T172-PInt(A) = U{G C X : G is.my7e-B-open in X and G C A}.

Example 2.1.20. Let X = {a,b,c} with topologies 71 = {0, {a}, {b}, {a,b}, X}

and 7o = {0,{a},{a,b},X}. Let A = {a,c}. Then, (X,71,72) is a bitopological
space.

In example 2.1.12, 7 75-semi-open in X are (), {a}, {a, b}, {a,c}, and X. Clearly,

0 C A, {a} C A and {a,c} C A, then 7y7p-sInt(A) = O U {a} U{a,c} = {a,c}.



Moreover, in example 2.1.12 is that 7y75-preopen in X are (), {a}, {0}, {a,c},{a,b},
and X. Clearly, ) C A, {a} C A and {a,c} C A. Hence, 7172-pInt(A) = QU {a} U

{a, c} ={a,c}. Moreover, it is easy to check that 7 m»-5Int(A) = {a, c}.

Definition 2.1.21. [21] Let (X, 73, 72) be a bitopological space and let A C X. Then,
A is called m73-open if A = 7-Int(7y-Int(A)). The complement of 7 75-open set is

T1Ty-closed.

Example 2.1.22. Let X = {a, b, c} with topologies 7, = {0}, {b}, {c}, {b,c}, X} and
7 = {0,{a},{b, ¢}, X}. It is easy to check that {b,c} is a 7ym9-0open set but {c} is

not a 7y7o-open  set. Therefore, we know the complement of {b, ¢} is 7y 75-closed set.

Definition 2.1.23. [21] Let (X, 71, 75) be a bitopological space and A be a subset of
X. Then, 1y79-closure of A denoted by 717,-CI(A) is defined as

179-Cl(A) = {F C X : F is yme-closed in X and A C F'}.

Example 2.1.24. Let X = {a,b,c} with topologies 7 = {0, {b}, {c},{b,c}, X}

and 75 = {0,{a}, {b,c}, X}. Let A ={a}. Then, (X, 7, 72) is a bitopological space.
It is easy to verify that 7y 7a-closed in X are (), {a}, and X. Clearly, A C {a} and
A C X, then m1p-Cl(A) = {a} N X = {a}.

Definition 2.1.25. [21] Let (X, 7, 7,) be a bitopological space and A be a subset of

X. Then, 1y7p-interior of A denoted by 7 7o-Int(A) is defined as
Ti7e-Int(A) = U{G C X : G is mymp-openin X and G C A}.

Example 2.1.26. Let X = {a,b,c} with topologies 7 = {0, {b};{c},{b,c}, X}

and 7 = {0,{a},{b,c}, X}. Let A = {b,c}. Then, (X,7,72) is-a bitopological
space. It is easy to verify that 7 75-open in X are (),{b,c}, and X. Clearly, ) C A
and {b,c} C A, then 7y 7>-Int(A) = O U {b,c} = {b,c}.

Definition 2.1.27. [21] A set N of a bitopological space (X, 7y, 7) is said to be 7 7o-
neighbourhood of x € X if there exists a Ty7y-open set V' of (X, 7, 73) such that
reV CN.



Example 2.1.28. Let X = {a,b,c} with topologies 7 = {0, {b}, {c},{b,c}, X}
and 7 = {@, {a’}a {b}v {aa b}7 {ba C}v X} Let N = {(l, b}
Then, (X, 7y, 72) is a bitopological space. It is easy to verify that 73 75-open in X are

0,{b},{b,c}, and X. Clearly, b € {0} C N, then IV is 7 7>-neighbourhood of b € X.

Definition 2.1.29. A set N of a bitopological space (X, 7y, 72) is said to be 717-
preneighbourhood of x € X if there exists a 7y7mp-preopen set V' of (X, 7y, 73) such

that z € V C N.

Example 2.1.30. Let X = {a, b, c} with topologies 71 = {0, {a},{b}, {a, b}, X},
7 =10, {a},{a,b}, X} and N = {a, ¢} , then (X, 7y, 72) is the bitopological space. In
example 2.1.12, the 7y 75-preopen on X are (), {a}, {0}, {a,b},{a,c} and X. Clearly,

a € {a} C N, then N is 7 7o-preneighbourhood of a € X.

Proposition 2.1.31. [21] Let A and B be subsets of a bitopological space (X, 7y, 72).

For the 7 7m»-closure, the following properties hold:
(1) A C 1m-Cl(A) and 71 72-Cl(7379-Cl(A)) = 71 72-Cl(A).
(2) If A C B, then 7175-Cl(A) C 717»-Cl(B).
(3) 1 12-CI(A) is 1 75-closed.
(4) A is 1yma-closed if and only if A =m7-Cl(A).
(5) m-Cl(X — A) =X — 7y 7p-Int(A).

Proposition 2.1.32. Let (X, 73, 72) be a bitopological space. If A is 7 7o-semi-open

and B is Tymy-open in X, then A N B is 71 T»-semi-open.

Proof. Suppose that A-is 7175-semi-open and B is 7;7y-open in X.

Then, A C 7,-Cl(7»-Int(A)) and B = 7i-Int(B) = 7»-Int(B). Therefore, we obtain
AN B C 7-Cl(mp-Int(A)) N B. By Proposition 2.1.6(1), we have

AN B C 1-Cl(1y-Int(A)) N B C 7-Cl(7-Int(A) N B) = 7-Cl(m2-Int(A N B)).

Hence, AN B is 7y 7»-semi-open. O

Theorem 2.1.33. [9] Let (X, 7y, 72) be a bitopological. Let {A,|y € 7/} be a family
of subsets of X. The following properties are hold:



(1) If A, is 7m»-semi-open for each v € </, then U,c A, is 7172-semi-open.
(2) If A, is 1ym»-semi-closed for each v € 57, then N,c, A, is T172-semi-closed.

Proof. 1. Suppose that A, is 737»-semi-open for each v € 57. Then, we have
A, C 1-Cl(7p-Int(A,)) € 7-Cl(72-Int(U,eA,)), and hence

Uyeg Ay © 1-Cl(7o-Int(Uye A, ). This shows that U,eg A, is 7172-semi-open.

2. Suppose that A, is 7172-semi-closed for each v € 7. Then, we have
X — A, is 7ymy-semi-open and X — Nyeg A, = Uyew (X — A,). Therefore, by
(1), X —Nyey A, is TyTo-semi-open, and hence MNyc A, is 71 72-semi-closed.

]

Proposition 2.1.34. For a subset A of a bitopological space (X, 7, 7), the following

properties hold:
(1) 7y79-sInt(A) is 7172-semi-open.
(2) 71 79-sCI(A) is 7 T9-semi-closed.
(3) A is 7 ma-semi-open if ‘and only if A = 7 75-sInt(A).
(4) A is 7ym9-semi-closed if and only if A = 7375-sCl(A).

Proof. (1) and (2) follows from Proposition 2.1.33 (3) and (4) follows from (1) and
(2). O

Proposition 2.1.35. For a subset A of a bitopological space (X, 71,72),z € T72-sCI(A)

if and only if N A # () for every 717>-semi-open set U/ containing .

Proof. Let @ € 1175-sCI(A). We shall show that U N A # () for every 7,7»-semi-open
set U containing x. Suppose that UM A = () for some 7175-semi-open set U containing
x. Then, AC X = U and X — U is 7y7,-semi-closed. Since & € 7375-sCI(A), we have
x € m7a-sCl(X — U) = X — U; hence = ¢ U, which is a contradiction that x € U.
Therefore, U N A # (.

Conversely, we assume that UNA # () for every 7, 75-semi-open set U containing
x. We shall show that © € 775-sCI(A). Suppose that © ¢ 775-sCI(A). Then, there

exists a 737o-semi-closed set F' such that A C F and x ¢ F. Therefore, we obtain
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X — F is a Ty7o-semi-open set containing = such that (X — F)N A = (). This a
contradiction to U N A # (; hence x € 1175-sCI(A). O

Proposition 2.1.36. For a subset A of a bitopological space (X, 7, 7), the following

properties hold:
(1) X — TlTQ—SCI(A) — TlTQ-SIIlt(X 8 A)
(2) X — Tng-sInt(A) = TlTQ-SCI(X B A)

Proof. (1) Let x € X — m7-sCI(A). Then, x ¢ 1172-sCI(A). By Proposition 2.1.35,
there exists a 717»-semi-open set V' containing = such that VNA = (). Then, V C X —A,
and hence = € 7 7p-sInt(X — A). This shows that X — 7 75-sCI(A) C 7y 7p-sInt(X — A).

Let # € mmp-snt(X — A). Then, there exists a 7y7>-semi-open set V'
containing x such that V' C X — A, and hence V N A = (). By Proposition 2.1.35, we
have = ¢ 775-8SCI(A); hence = € X — 7y75-8Cl(A). Therefore,

TlTQ-SInt<X — A) g X — TlTQ—SCl<A).

Consequently, we obtain X — 7379-8CI(A) = 7y7-sInt(X — A).
(2) This follow from (1). O

Proposition 2.1.37. For a subset A of a bitopological space (X, 7, 72), the following

properties hold:
(1) 7179-sCl(A) = 71-Int(75-C1(A)) U A.
(2) If A is m-open in X, then 7y75-sCl(A) = 71-Int(75-CI(A)).
Proof. (1) Since 7 73-sCI(A) is 71 7o-semi-closed, we have
71-Int(75-Cl(7175-8CI(A))) C 1y7m5-sCI(A).

Thus, 71-Int(75-C1(A)) € 779-sC1(A). Hence, 73-Int(72-CI(A)) U A C 1y7p-sCI(A).

To establish the opposite inclusion, we observe that

71 -Int(72-Cl(7;-Int(72-C1(A)) U A)) C 7y-Int(75-Cl(A) U A)
= Tl-IIlt(TQ—Cl(A)>.
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Therefore,
71 -Int(72-Cl(7;-Int(72-C1(A)) U A)) € 7y-Int(72-C1(A)) C 7-Int(72-Cl1(A)) U A.
Hence, 7;-Int(75-C1(A)) U A is 7y 75-semi-closed. Then,
T179-SC1(A) C 7-Int(72-Cl(A)) U A.

Consequently, we obtain 7,72-sCI(A) = 7-Int(72-Cl(A)) U A.
(2) Let A be a m-open set, then A = 7y-Int(A) C 7y-Int(75-CI(A)). Therefore, by
(1), we have 773-sCl(A) = 71-Int(7-C1(A)). O

Proposition 2.1.38. Let (X, 7, 72) be a bitopological space and {A, | v € I'} a family
of subsets of X. The following properties hold:

(1) If A, is 7y72-B-open for each 7 € I', then UFAW is 7 To-[5-open.
~E
(2) If A, is 7y1»-B-closed for each v € I, then OFA7 is 71 7-3-closed.
~eE
Proof. 1. The proof follows from Theorem 3.2 of [9].

2. The proof follows from Lemma 2.1 of [22].
[

Proposition 2.1.39. [22] For a subset A of a bitopoligical space (X, 7i,7), the

following properties hold:
(1) 7479-PInt(A) is 7 7o-G-open.
(2) T1712-PCI(A) is T179-F-closed.
(3) A is 1 19-f-open if and only if A =775-FInt(A).
(4) A is 7y me-f-closed if and only if A =7 75-GCI(A).

Proposition 2.1.40. [22] For a subset A of a bitopological space (X, 7y, 7),
x € Ty7o-fCI(A) if and only if U N A # () for every 7175-/3-open set U containing x.

Proposition 2.1.41. [22] For a subset A of a bitopological space (X, 7, 7), the

following properties hold:
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(1) X— 7'17'2-5(:1(14) = Tng-ﬁInt(X — A)

(2) X— TlTQ—/BInt<A) = 7'17'2-ﬁC1<X y A)
2.2 Multifunctions

A multifunction £ : X — Y is a point-to-set correspondence from X to Y.

We always assume that F'(x) # () for all x € X. We shall denote the upper and
lower inverse [23] of a set B of Y by F''(B) and F~(B), respectively, that is
F*(B)={x € X|F(z) C B} and F7(B) = {z € X|F(x) N B # 0}.

Example 2.2.1. Let X = {1,2,3} and Y = {a,b,¢,d,e}. A multifunction

F : X — Y is defined as follows : F(1) = {c}, F(2) = {b,d} and F(3) = {a,e}.
Then, F*({a,b,¢,d}) = {1,2} and F~({a,b,c,d}) = {1,2,3}. Moreover, it is easy
to check that F~({a}) = {3}.

Definition 2.2.2. [23] A multifunction F': X — Y and A C X, then direct image

of A under the multifunction F is the set F'(A) = UyeaF'(2).

Example 2.2.3. Let X = {1,2,3} and Y = {a,b,¢,d, e}. A multifunction F': X — Y
is defined as follows : F(1) = {c}, F(2) = {b,d} and F(3) = {a,e}.
Therefore, if A = {1,2} C X, then F(A) = F(1) U F(2) = {c} U{b,d} = {b,c,d}.

Lemma 2.24. Let ' : (X, 7y, 72) — (Y, 01,02) be a multifunction and U C X,V C Y.

Then, the following properties hold:
(1) If F(U)CV,thenU C Ft(V).
(2) If F(2) NV # 0 for every z € U, then U C F (V).
(3) If U C V- then F*(U) C F+(V).
4) If U CV then F=(U) C F~ (V).
B X—F (V)=F"(Y -=V).

Proof. (1) Let z € U. Since U,epF(z) = F(U) C V, F(z) C F(U) C V. Thus,
F(x) CV; hence x € F*(V). This shows that U C F+ (V).
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(2) Suppose that F'(z) NV # () for every z € U. Let x € U. Therefore,
F(x) NV # 0. Hence, x € F~ (V). This shows that U C F~ (V).

(3) Let z € F*(U). Therefore, F(x) C U. Since U C V, F(x) C V. Thus,
x € F*(V). This shows that F(U) € F* (V).

(4) Let x € F~(U). Therefore, F(z)NU # 0. Since U C V, F(x)NV # (). Thus,
x € F~(V). This shows that F—(U) C F— (V).

(5) Letx € X=F~ (V). Then, x ¢ F~(V). Therefore, F(z)QV = (). Thus, F(z) C
Y — V. Hence, z € F"(Y — V). This implies that X — F'~(V)) C F'*(Y — V). On the
other hand, suppose that z € F*(Y —V), so F(z) CY —V. Therefore, F(x)NV = 0.
Then, we obtain z ¢ F~ (V). Thus, z € X—F~(V); hence, FT(Y—-V) C X—F~ (V).
Consequently, X — F— (V) = FH(Y = V). O



CHAPTER 3

B(11, 2)-CONTINUOUS MULTIFUNCTIONS

3.1 Characterizations of upper and lower /(7,7 )-continuous multifunctions

In this section, we introduce the notions of upper and lower [(7,72)-

continuous multifunctions, and investigate some characterizations of these multifunctions.
Definition 3.1.1. A multifunction F': (X, 7, 72) — (Y, 01, 02) is said to be:

(1) upper [(11,72)-continuous at a point x € X if for each ¢j09-open set V of
Y containing F'(x), there exists a 717>-0-open set U containing = such that

FU)CV;

(2) lower [(ry,m)-continuous at a point x € X if for each oyo9-open set V' of Y
such that Fi(x) NV # (), there exists a 7172-3-open set U containing = such that
F(z) NV # 0 for every z € Us;

(3) upper (resp. lower) (11, T2)-continuous if F has this property at each point of
X.

Example 3.1.2. Let X = {a,b,c} with topologies 1 = {0, {a},{b},{a,b}, X} and
7 ={0,{a},{a,b}, X}. Let Y = {1,2,3,4,5} with topologies

o1 = {0,{1},{2,3,4,5}; Y} and o5 = {0, {2},{3},{2,3}.{2.3,4,5}, V'}.

A multifunction F': (X, 7, m) — (Y, 01,09) is defined as follow: F(a) ={2,3}, F(b)
{1,2}, F(e)={1,4,5}. Then, F is upper and lower ((7;, 73)-continuous.

Theorem 3.1.3. A multifunction F': (X, 7,7) — (Y,01,0%) is upper [5(7,72)-
continuous at = € X if and only if z € 7y7-FInt(F*(V)) for every oi02-open

set V' of Y containing £(x).

Proof. Let V be a 0y09-open set containing F'(x). Consequently, there exists a 717-
[-open set U containing = such that F(U) C V. Therefore, z € U C F*(V). Since

U is 717o--open, we have x € 7y7o-SInt(F*(V)).

14
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Conversely, let V be a 0y04-0open set containing F'(z). By the hypothesis, = € 7 7o-
BInt(FT(V')). There exists a 7175-8-open set G containing x such that G C F+(V);

hence, F'(G) C V. This shows that F'is upper (7, 72)-continuous at . O

Theorem 3.1.4. A multifunction F: (X, 7, 72) — (Y, 01,02) is lower
B(71, T2)-continuous at = € X if and only if x € 7 m-BInt(F (1)) for every o,02-open

set V of Y such that F'(z) NV # (.
Proof. The proof is similar to that of Theorem 3.1.3. [

Theorem 3.1.5. For a multifunction F : (X,7,7) — (Y,01,09), the following

properties are equivalent:
(1) F is upper (71, T2)-continuous;
(2) F™(V)is 1yme-f-open in X for every oi05-open set V of Y;
(3) F~(K) is mme-f-closed in X for every ojo9-closed set K of Y;
(4) T-BCUF(B)) C F~(0109-Cl(B)) for every subset B of Y;
(5) mi-Int(7o-Cl(7y-Int(F~(B)))) C F~ (0102-Cl(B)) for every subset B of Y.

Proof. (2) = (1): Let z € X and V be a o10,-0pen set containing F'(x). By (2),
FT(V) is a mp-f-open set containing z. Putting U = FT(V), we obtain U is
a T7y-f-open set containing x such that F(U) C V. This shows that F' is upper
B(11, T2)-continuous.

(1) = (2): Let V' be a oi0z-open set of Y and x € F*(V). By 2.24, F(x) CV,
then there exists a 7 75-/-open set U containing x such that F'(U) C V. Consequently,
we obtain z € U C 73-Cl(me-Int(7-Cl(U))) € 7-Cl(7o-Int(73-C1(F*(V)))). Thus,
FH (V) C 7-Cl(rp-Int(m-CI(F*(V)))). This shows F* (V') is 7y75-5-open in X.

(2) = (3):"This follows from the fact that F" (Y — B) = X — F'~(B) for every
subset B of Y.

(3) = (4): For each subset B of Y, 0105-Cl(B) is oi05-closed in Y. By (3),
F~(0102-CI(B)) is 11 79-3-closed in X; therefore,r175-SCI(F~(B)) C F~(0109-Cl(B)).

(4) = (5): Let B be a subset of Y. By Proposition 2.1.39(2), we obtain

71-Int(72-Cl(7-Int(F~(B)))) C m-Int(72-Cl(1y-Int(772-SCIU(F~(B)))))
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C 1im-pCIUF ™ (B)).

Consequently, 71-Int(7o-Cl(71-Int(F~(B)))) C F~(0109-C1(B)) by (4).
(5) = (2): Let V be a oy09-0open set of Y, so Y — V is oy0,-closed in Y. By (5)
and Lemma 2.2.4,

X — 71-Cl(1o-Int(71-C1(F*(V)))) = 71-Int(7o-Cl(71-Int(X — FH(V))))
= 7-Int(7o-Cl(7-Int( F~ (Y — V))))
C F(5105-CI(Y — V)
= X — F(0,05-Int(V))
C X — FHV).
Therefore, we obtain F'*(V) C 79-Cl(rp-Int(m1-CI(F"(V)))), and hence F* (V) is
T1To-F-open in X. OJ

Theorem 3.1.6. For a multifunction F' : (X, 7,72) — (Y,01,02), the following

properties are equivalent:
(1) F is lower (1, T2)-continuous;
(2) F~(V) is mymo-p-open in X for every gjos-open set V of Y
(3) F*(K) is 1172-f-closed in X for every oj05-closed set K of Y
(4) mm-BCI(FT(B)) € Ft(0102-Cl(B)) for every subset B of Y;
(5) mi-Int(7o-Cl(71-Int(FT(B)))) € Ft(0109-Cl(B)) for every subset B of Y.

Proof. 1t is shown similarly to the proof of Theorem 3.1.5 that the statements (1), (2),
(3), (4) and (5) are equivalent. L]

Definition 3.1.7. [24] Let (X, 71,72) be bitopological space. A covering B is called a

refinement of covering U if every 7y75-open set of B is contained in some 7;7»-0open

set of U.

Definition 3.1.8. [21] A collection i of subsets of a bitopological space (X, 71, 7) is
said to be Ty1p-locally finite if every x € X has a 1y7»-neighborhood which intersects

only finitely many elements of Ll.
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Definition 3.1.9. [21] A subset A of a bitopological space (X, 7y, 7) is said to be:

(1) mymo-paracompact if every cover of A by T m-open sets of X is refined by a

cover of A which consists of 7 75-open sets of X and is 7 72-locally finite in X;

(2) Ty1o-regular if for each x € A and each 7y7-open set U of X containing =,

there exists a 7y7e-open set V' of X such that x € V.C my7»-CI(V) C U.

Lemma 3.1.10. [21] If A is a 7y 7my-regular 7y 75-paracompact set of a bitopological
space (X, 7y,72) and U is a 737o-open neighbourhood of A, then there exists a 71 75-

open set V' of X such that A CV C 1mp-CI(V) C U.

Definition 3.1.11. A multifunction F : (X, 71, 7) — (Y, 01,0:) is called punctually
(11, To)-paracompact (resp. punctually (11, 7o)-regular) if for each z € X, F(x) is

T1To-paracompact (resp. 77»-regular).
For a multifunction F' : (X, 7y, 73) — (Y, 01,02), by
BC1E, : (X, 11,72) — (Y, 01, 02),

we denote the multifunction defined as follows: SClF(x) = 0y09-FCI(F(x)) for each
r e X.

Example 3.1.12. Let X = {1,2,3} with topologies

= 1{0,{1}, {2}, {3}, {1,2},{1,3},{2,3}, X} and =» = {0, {1}, {1,2}, X}

Let Y ={a,b, c} with topologies o = {0, {a},{b}, {c}, {a, b}, {a,c}, {b,c}, Y}, 00 =
{0,{a},{b},{a,b},Y}. A multifunction F : (X, 7y,72) = (Y,01,09) is defined as
follow: F'(1) = {a,b}; F(2) = {a}, F(3) = {b}. Then, F is punctually (7q,7)-

paracompact.

Example 3.1.13. Let X = {1,2,3} with topologies

m = {0, {1}, {2}, {3}, {1,2}.{1,3},{2,3}, X}

and 7, = {0, {1},{1,2}, X}. Let Y = {a, b, ¢} with topologies o1 = {0, {b,c},Y} and
oo = {0,{a,c},Y}. A multifunction F : (X, 7, 7) — (Y, 01,05) is defined as follow:
F(1) = F(2) = F(3) = {a,b}. Then, F is punctually (7, 72)-regular.
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Lemma 3.1.14. Let (X, 7,72) be a bitopological space. Then, 77-SCI(A) C
T172-CI1(A) for every subset A of X.

Proof. Let x € X — 171»-Cl(A). By Proposition 2.1.31, z € 77p-Int(X — A) and
there exists a Ty7»-open set V' such that © € V' C X — A. Since every 7;7»-open
set is 717p--open, we have x € Tmo-fInt(X — A). By Proposition 2.1.41(1), = €
X — m1-BCI(A), s0 X — 7»-Cl(A) € X— 775-8Cl(A). Consequently, we obtain
T172-BCI(A) C 117-CI(A). 0

Lemma 3.1.15. If F': (X, 7, 72) — (Y, 01,09) is punctually (7, 72)-paracompact and

punctually (7, 72)-regular, then SCIE; (V) = F™(V) for every y09-open V of Y.

Proof. Let V. be a o09-open set of ¥ and z € BCIES (V). Then, we have
0102-BCI(F(z))) € V and F(x) C V. Therefore, we have x € F(V), and hence
BCIFS (V) € FH(V). On the other hand, let z € F* (V). Then, F(x) C V and by
Lemma 3.1.10, there exists a oy05-0pen set U of Y such that F(z) C 0,0,-Cl(U) C
U C V. By Lemma 3.1.14, we have oy02-5CI(F(z)) C 0,05-CI(U) C V. This
shows that = € SCIF (V), and hence F(V).C SCIF/ (V). Consequently, we obtain
BCIEH(V) = FH(V). 0

Theorem 3.1.16. Let F' : (X, 7, 7) — (Y, 01,02) be punctually (71, 72)-paracompact
and punctually (71, 72)-regular. Then, F' is upper (7, 72)-continuous if and only if

BCIFy : (X, 1, 1) — (Y, 01,02) is upper (71, 72)-continuous.

Proof. Suppose that F' is upper (7, 75)-continuous. Let x € X and V' be a 0;05-open
set of Y such that 3ClF(z) C V. By Lemma 3.1.15, we have z € BCIE; (V) =
F*(V).. Since F' is upper [(r1,7)-continuous, there exists a 7i7,-$-open set U
containing z such that #(U) C V. Since F(z) is oj09-paracompact and o;03-regular
for each z € U, by Lemma 3.1.10 there exists a 010.-0open set H such that F'(z) C H C
0102-C1(H) C V. By Lemma 3.1.14, we have 0,02-8CI(F(z)) C 0109-CI(H) C V for
each z € U, and hence SCI1F,(U) C V. This shows that SCIFy is upper 5(7, 72)-
continuous.

Conversely, we suppose that SCIFy, : (X, 1, 72) — (Y, 01,02) is upper 5(71, 72)-
continuous. Let z € X and V be a oj03-open set of Y such that F(x) C V. By
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Lemma 3.1.15, we have x € F*(V) = BCIF/ (V), and hence BC1F,(x) C V. Since
BCIlF, is upper ((7, T2)-continuous, there exists a 717»-3-open set U of containing x
such that SCl1Fg(U) C V; hence, F(U) C V. This shows that F' is upper 5(7i, 72)-

continuous. O]

Lemma 3.1.17. For a multifunction F : (X, 7, 2) = (Y, 01, 02), it follows that for

each oy09--open set V of Y SCIF (V) = F— (V).

Proof. Suppose that V' is a oj0y-p-open set Y. Let x € (CIF; (V). Then,
0102-BCI(F(x)) NV # 0. Hence, F(x) NV # (. Therefore, we obtain = € F~ (V).
This shows that SCI1F; (V) C F~ (V). On the other hand, let x € F~ (V). Then, we
have () # F(z) NV C 0109-BCI(F(2)) N V. Thus, x € SClE, (V). This shows that
F~(V) C BCI1F, (V). Consequently, we obtain SC1E, (V) = F7 (V). O

Theorem 3.1.18. A multifunction F' : (X, 7,7) — (Y,01,09) is lower 5(7,72)-
continuous if and only if SCIF; : (X,71,72) — (Y,01,00) is lower [(7,72)-

continuous.

Proof. By utilizing Lemma 3.1.17, this can be proved similarly to that of Theorem
3.1.16. ]

For a multifunction F' : X' — Y, the graph multifunction Gp : X — X X Y is
defined as follows: G (z) = {x} x F(x) for every x € X.

Lemma 3.1.19. [10] The following hold for a multifunction F': X — Y:
(i) GH(A X B)= AN FE*(B),
(i) GR(AXx B)=AnF~(B),

for any subsets A C X-and B CY.

Lemma 3.1.20. Let (X, 71, 72) be a bitopological space. If A is 7375-$-open and B is

T179-open in X, then AN B is 7,75-(-open.

Proof. Suppose that A is 7 7o-£-open and B is my7-open in X. Then, we have

A C 7-Cl(1o-Int(7-C1(A))) and B = 7-Int(B) = 7»-Int(B). By Proposition 2.1.6(1),

ANB Q Tl-Cl(TQ—Int(Tl-Cl(A>)) NnB
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C 11-Cl(7o-Int(7,-C1(A)) N B)
= 71-Cl(72-Int(71-C1(A) N B))
C 11-Cl(mo-Int(7,-C1(A N B))).

Consequently, we obtain AN B is 7,75-3-open. O

Definition 3.1.21. [21] A bitopological space (X, 71, 72) is said to be 7q75-compact if

every cover of X by 7 m,-open sets of X has a finite subcover.
By p; we denote the product topology 7; X o; for i = 1, 2.

Theorem 3.1.22. Let F': (X, 7, 72) — (Y, 01,02) be a multifunction such that F'(z)
is oy09-compact for each x € X. Then, F' is upper 3(71, 72)-continuous if and only if

Gr: (X, 11,m) = (X XY, p1,p2) is upper B(1, T2)-continuous.

Proof. Suppose that F' : (X, 7, 7) — (Y,01,09) is upper B(7,72)-continuous. Let
r € X and W be a pipr-open set of X x Y containing Gr(z). For each y €
F(z), there exist 737m2-open set U(y) of X and oj09-open set V(y) of Y such that
(x,y) € U(y) x V(y) C W. The family {V(y) | y € F(x)} is g109-open cover of
F(z) and there exists a finite number of points, say, y1, Yz, ..., Yn in F(z) such that

F(z) CU{V(y;) |1 <i<n} Put
U={U(y:) [1<i<n}pand V =U{V(y) |1 i< n}.

Then, we have U is m7-open in X and V' is gy04-0pen in Y such that {z} x F'(z) C
U xV CW. Since F is upper f(r1,7)-continuous, there exists a 737s-J-open set
G containing @ such that F(G) € V. By Lemma 3.1.19 and 2.2.4(3), we have
UNGCUNFT(V)=GrU %xV) CGLW). By Lemma 3.1.20, UNG is 7172-0-
open in X, and Gp(UNG) C W by Lemma 2.2.4(1).. This shows that G is upper
B(11, T2)-continuous.

Conversely, we suppose that G : (X, 71, 72) — (X X Y, p1, p2) is upper B(71, 72)-
continuous. Let z € X and V be a o109-open containing F'(z). Since X X V' is p;po-
open in X XY and Gr(z) C X x V, there exists a 7172-/3-open set U containing = such
that Gp(U) € X x V. Therefore, by Lemma 2.2.4(1) and 3.1.19, U C GL(X x V) =
FT(V), and F(U) C V. This shows that F is upper (71, 72)-continuous. O
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Theorem 3.1.23. A multifunction F' : (X, 7, 7) — (Y,01,09) is lower 5(7,72)-
continuous if and only if Gp : (X,71,7) — (X X Y,p1,p2) is lower ((7,72)-

continuous.

Proof. Suppose that F : (X, 1,7) — (Y,01,02) is lower (7, 2)-continuous. Let
x € X and W be a pyps-open set of X x Y such that Gr(x) N W # (). There exists
y € F(x) such that (z,y) € W, and hence (z,y) € U xV C W for some 7, 75-open set
U of X and oy09-0open set V of Y. Since F(x)NV # (), there exists a 7,7»-3-open set
G containing x such that F'(2)NV # () for each z € G; hence G C F~ (V). By Lemma
3.1.19 and Lemma 3.1.20, we have UNG CUNF~ (V) = Gp(U x V) C Gp(W).
Moreover, U N G is a 773-3-open set containing z, and hence G is lower (71, 72)-
continuous.

Conversely, we suppose that Gr : (X, 71, 72) — (X X Y, p1, p2) is lower B(7y, 72)-
continuous. Let z € X and V be a g,02-open set of Y such that F'(x) NV # (). Then,

we have X X V 18 pipe-open in X X Y and
Gr(x)N (X x V) =({z} x F(x))n (X x V) ={z} x (F(z)NV) £ (.

There exists a 772-3-open set U containing = such that Gr(z) N (X x V) # () for
each z € U. By Lemma 3.1.19, we obtain U C G (X x V) = F~(V).

This shows that F' is lower (71, 72)-continuous. O

3.2 Characterizations of upper and lower almost (7, 7> )-continuous multifunctions

In this section, we introduce the concepts of upper and lower almost (7, 72)-
continuous multifunctions. Moreover, several interesting characterizations of these

multifunctions are discussed.
Definition 3.2.1. A multifunction F : (X, 71,7) — (Y, 01, 09) is said to be:

(1) upper almost B(r,T2)-continuous at-a point x € X if for each o,09-open set V'
of Y containing F'(x), there exists a 7 7»-5-open set U containing = such that

F(U) C oy-Int(05-CI(V));

(2) lower almost [3(11,73)-continuous at a point x € X if for each oy09-open set V'
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of Y such that F(z)NV # (), there exists a 7175-(-open set U containing x such
that F'(z) N oy-Int(02-C1(V)) # () for every z € U;

(3) upper almost (resp. lower almost) B(ry,T2)-continuous if F' has this property at

each point of X.

Remark. For a multifunction F' : (X, 7, 7) — (Y, 01, 09), the following implication

holds:
upper [3(71, T2)-continuity = upper almost (5(7, 73)-continuity.

The converse of the implication is not true in general. We give an example for the

implication as follows.

Example 3.2.2. Let X = {a,b,c} with topologies 71 = {0, {a}, {b},{a,b}, X} and
7 ={0,{a},{a,b}, X}. Let Y = {1,2,3,4,5} with topologies

or ={0,{1},{2,3,4,5},Y} and oo = {0, {2}, {3},{2,3},{2,3,4,5}, Y }.

A multifunction F': (X, 7y, 72) — (Y, 01,09) is defined as follow:

F(a) = {1}, F(b) = {2,3}; F(c) = {4,5}. Then, F is upper almost (7, 72)-

continuous, but F is not upper (7, 72)-continuous.

Remark. For a multifunction F : (X, 7,7) — (Y, 01,02), the following implication

holds:
lower 3(71, 72)-continuity = lower almost (3(7, 72)-continuity.

The converse of the implication is not true in general. We give an example for the

implication as follows.

Example 3.2.3. Let X = {a, b} with topologies 73 = {0, {b}, X} and

7 = {0, X}. Let ¥ = {1,2,3,4} with topologies oy = {0,{1,2},Y} and 0o =
{0,{1},{1,2},Y}. A multifunction F : (X,71,7) — (Y, 01,02) is defined as follow:
F(a) = {1,2}, F(b) = {3}. Then, F is lower almost (7, 72)-continuous, but F is

not lower (3(7y, T2)-continuous.
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Theorem 3.2.4. A multifunction F' : (X, 7y, 72) — (Y, 01, 09) is upper almost 5(7, 72)-
continuous at x € X if and only if € mm-SInt(F*(0109-sC1(V))) for every oy09-

open set V' of Y containing F'(z).

Proof. Let V be a oj0.-0open set containing /(). Then, there exists a 7y 75-3-open
set U containing x such that F'(U) C g,02-sCI(V). Then, x € U C F*(0109-sCI(V)).
Therefore, x € Ty79-BInt(F T (0105-sC1(V))).

Conversely, let V' be a oj05-open set containing F'(z). Moreover, we have x €
7172-BInt(F* (0702-sC1(V))). There exists a 7172-3-open set G containing x such that
G C Ft(0109-sCl(V)), and hence F(G) C 0105-sCI(V) = o3-Int(09-C1(V')). This

shows that F' is upper almost (11, 79)-continuous at x. O

Theorem 3.2.5. A multifunction F' : (X, 7y, 7) — (Y, 01, 09) is lower almost 3(7y, 72)-
continuous at & € X if and only if « € mym-FInt(F~(0109-sC1(V))) for every oy09-
open set V of Y such that F(z) NV # (.

Proof. The proof is similar to that of Theorem 3.2.4. [

Theorem 3.2.6. For a multifunction F' : (X, 7,72) — (Y,01,02), the following

properties are equivalent:
(1) F' is upper almost /3(7, 75)-continuous;

(2) for each x € X and each gyoy-open set V. of Y containing F(z), there exists a

71 79-3-0open set U of X containing & such that F'(U) C g109-sC1(V);
(3) FH (V) C rmyrp-fInt(F(0109-sCI(V'))) for every o109-open set V of Y;
(4) 119-BCI(F~ (0109-sInt(K"))) C F~(K) for every o;02-closed set K of Y.

Proof. (1) = (2): The proof follows from Definition 3.2.1(1).

(2) = (3): Let V be a gj09-open set of Y and z € F (V). Then, F(z) CV and
there exists a 73 72-5-open set U containing x such that F(U) C o;-Int(o9-CL(V)) =
0102-sC1(V'). Therefore, we have © € U C F*(0109-sC1(V)). Thus,

x e Tng-ﬂInt(FJr (UlUg-SCl(V))).
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Consequently, we obtain F'* (V) C 7y 72-SInt(F T (0102-sCI(V))).
(3) = (4): Let K be a oj09-closed set of Y. Since Y — K is oj09-open, by
Lemma 2.2.4(5) we obtain

X —F (K)=F'Y - K)
C mro-BInt(F* (0105-sCIY = K)))
= 119-BInt(FH (Y — oy09-sInt(K)))
= T Ty-fInt(X — F~(0y0-sInt(K)))

=X — T1T2-5C1<F7(O’10'2-Slnt(K))>.

Therefore, we obtain 7,72-SCI(F'~ (o109-sInt(K))) C F~(K).

(4) = (3): The proof is obvious.

(3) = (1): Let x € X and V be a oy09-open set containing F(x). Then, we have
r € TTo-fInt(F*(0102-sC1(V))). Therefore, by Theorem 3.2.4, F' is upper almost

T1, T2 )-continuous at z. O
)

Theorem 3.2.7. For a multifunction F : (X, 7,72) — (Y,01,02), the following

properties are equivalent:
(1) F is lower almost [3(7, T5)-continuous;

(2) for each z € X and each o,09-open set V' containing F(z), there exists a

71 T9--0pen set U containing x such that F'(2) N oy09-sCl(V') for each z € U,
3) F~ (V) C mym-pInt(F~(0104-8C1(V'))) for every o,a9-0open set V;
(4) 179-BCI(F*(0109-sInt(K))) C FT(K) for every gy0s-closed set K.
Proof. By utilizing Theorem 3.2.5, this can be similar to Theorem 3.2.6. U

Theorem 3.2.8. If a multifunction F' : (X, 7, 7) — (Y,01,02) is lower almost
B(11, T2)-continuous, then SCIFy : (X;71,73) — (Y, 01,09) is lower almost 3(7, 72)-

continuous.

Proof. Suppose that F' is lower almost [(7q,7o)-continuous. Let x € X and V be
a oj09-open set of Y such that SCIF,(z) NV # (). By Lemma 3.1.17, we have
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x € BCIE, (V) = F~(V). Since F is lower almost (7, 72)-continuous, there exists

a 11 To--open set U containing = such that
F(z) Noy-Int(o2-CL(V') % (0 for each z € U.
Therefore, o102-SCU(F(2)) N o1-Int(05-CI(V') # () for each z € U, and hence
PCIF,(z) N op-Int(a2-C1(V) # O for each z € U.

This shows that SCIF, is lower almost (7, 72 )-continuous. ]

Definition 3.2.9. Let (X, 7y, 72) be a bitopological space. The [-frontier of a subset
A of X, denoted by m72-SFr(A), is defined by

TlTQ-BFI'(A) = TlTQ-BCI(A) N 7’17’2—5C1(X = A)
= TlTQ-BCI(A) — Tsz-ﬁInt(A).

Theorem 3.2.10. The set of all points = of X at which a multifunction
F: (X,7,m) = (Y,01,02) is not upper S(7y,72)-continuous is identical with the
union of the 7y7,--frontier of the upper inverse images of o,0,-0pen sets containing

Proof. Let x € X at which F' is not upper (3(7;, 72)-continuous. There exists a oj09-
open set V' containing F'(z) such that U N (X — F(V)) # 0 for every 7 72-5-open

set U containing . Then, we have
T e TlTQ—/BCl(X - F+(V)) =X — TITQ—ﬁIIlt(F+<V))

and x € F'T(V). Hence, we obtain & € 7 7o-fFr(F T (V)).

Conversely, we suppose that 1/ is a 0;05-open set containing F(z) such that = €
71 7o-fFr(F+ (V). If F is upper (73, 72)-continuous at x, there exists a 71 75-(3-open
set U containing x such that U € F*(V). This implies that x € 7 7-SInt(F+(V)).

This is a contradiction; hence, F' is not upper [3(7, 72)-continuous. L]

Theorem 3.2.11. The set of all points z of X at which a multifunction

F: (X,7,7) = (Y,01,02) is not lower (7, 73)-continuous is identical with the
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union of the 77,-(-frontier of the lower inverse images of oj09-open sets meeting

Proof. The proof is similar to tha




CHAPTER 4

WEAKLY j(11, 75)-CONTINUOUS MULTIFUNCTIONS

4.1 Weakly (7, 72)-continuous multifunctions

In this section, we introduce and investigate the notions of upper and lower
weakly [(7,7p)-continuous multifunctions.  Furthermore, the relationships weak

B(11, T2)-continuity and the other types of continuity are investigated.
Definition 4.1.1. A multifunction F': (X, 7, 7) — (Y, 01, 02) is said to be:

(1) upper weakly (3(71,T2)-continuous at a point x € X if for each oy05-open set V'
of Y containing F'(x), there exists a 7 7»-5-open set U containing = such that

F(U) Q O'10'2-C1(V>;

(2) lower weakly ((71,T2)-continuous at a point z € X if for each o;09-open set
V of Y such that F'(x) NV # (), there exists a 7172-3-open set U containing x
such that F(z) N oy0o-CI(V') # ) for every z € U,

(3) upper weakly (resp. lower weakly) B(71, 2)-continuous if F has this property at

each point of X.

Theorem 4.1.2. A multifunction F : (X, 73,72) — (Y,01,02) is upper weakly
[(11, T2)-continuous at & € X if and only if z € mr-Flnt(FT(0702CI(V))) for

every gj02-open set V' of Y containing F'(z).

Proof. Let V' be a o05-open set containing F'(x). Therefore, there exists a 797-
B-open set U containing = such that F(U) C 0109-Cl(V). Therefore, x € U C
F*(a109-C1(V)). Since U‘is 7172-5-open, we have & € 77o-BInt(EF 1 (a102-C1(V))).
Conversely, let V' be a oj09-open set of Y containing F(x), and we have z €
71 7o-FInt(F'* (0102-C1(V))). There exists a 7172-5-open set G of X containing = such
that G C F'*(0109-C1(V)); hence, F(G) C 0105-CI(V'). This shows that F' is upper

weakly (7, 72)-continuous at z. O
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Theorem 4.1.3. A multifunction F' : (X,7,7) — (Y,01,09) is lower weakly
B(11, m2)-continuous at x € X if and only if x € 7m-SInt(F~ (0,0,CI(V))) for
every oioz-open set V of Y such that Fi(z) NV # ().

Proof. The proof is similar to that of Theorem 4.1.2. 0

Remark. For a multifunction F' : (X, 7, 7) — (Y, 01, 09), the following implication

hold:

upper (71, 72 )-(-continuity

4

upper almost (71, 72 )-/3-continuity

4

upper weak (7, 72)-/3-continuity.

The converse of the implications are not true in general. We give an example for the

implication as follows.

Example 4.1.4. Let X = {1,2,3} with topologies 71 = {0, {1},{2},{1,2}, X} and
7 ={0,{2,3}, X}. Let Y = {a, b, c} with topologies

o1 ={0,{a},{c},{a,c},Y} and oy = {0, {a}, {b},{c}, {a,c},{a, b}, {b,c}, Y}

A multifunction F': (X, 7, 72) = (Y, 01, 09) is defined as follow: F'(1) = {b},

F(2) ={c}, F(3) ={a,b}. Then, F is upper(lower) weakly [3(y,72)-continuous, but

F' is not upper almost [3(71, 72)-continuous and upper (71, 72 )-continuous.

The following theorems give some characterizations of upper and lower weakly

B(11, T2)-continuous multifunctions.

Theorem 4.1.5. For a multifunction F : (X, 7,72) — (¥;01,02), the following

properties are equivalent:
(1) F is upper weakly (1, 73)-continuous;
(2) FH(V) C mymo-fInt(F*(0109CI(V))) for every oi0z-open set V of Y;

(3) T e-BCH(F~ (0109-Int(K))))) C F~(K) for every oy02-closed set K of Y
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(4) 1 79-BCI(F~ (0109-Int(0109-C1(B)))))) € F~(0105-Cl(B)) for every subset B
of Y;

(5) Ft(o109-Int(B)) C 77o-fInt(F™" (0109-Cl(c102- Int(B)))) for every subset B
of Y;

(6) FH(V) Cmym-pInt(F+(0109-Cl(V))) for every ojas-open set V' of Y
(7) Te-BCUF~(V)) C F~(0109-CI(V)) for every o,05-0open set V of Y.

Proof. (1) = (2): Let V be a oy09-open set of Y and 2 € F (V). Then, F(x) CV
and by Theorem 4.1.2, © € 7y7o-SInt(F (0,09CI(V))). Therefore, we obtain F* (V') C
71 To-BInt(F* (a102C1(V))).

(2) = (3): Let K be a 0,05-closed set of Y. Therefore, ¥ — K is a 0y09-opened
set. By (2),

X — F~(K) = F*(Y — K)
C miTe-pInt(F " (0,0,CI(Y — K)))
=X — 7'1T2-6C1(F_ (UlUQIHt(K))).

Consequently, we obtain 7, 72-GCl1(F'~ (010:Int(K))) C F~(K).

(3) = (4): Let B be a subset of Y. Then, 0102-Cl(B) is gy03-closed in Y. Thus,
we obtain 7179-8CI(F'~ (0109-Int(0102-Cl(B)))) C F~(0105-CI(B)).

(4) = (5): Let B bea subset of Y. By (4), we obtain

F*(oy0o-Int(B)) = X = F (0105-Cl(Y = B))
- X — Tng-BCI(F—(0'10'2—Int(0'10'2-C1(Y — B))))

= TITQ-ﬂInt(F+ (Ule'Cl(UIUZ'Int(B)))>‘

(5) = (6): The proof is obvious.
(6) = (7): Let V be a o,09-0open set of Y. By (6), we have

T179-BCLHEF~ (V) C 1y 79-BCH(F~ (0109-Int(0102-C1(V))))

= Tng-ﬂCI(X - F+(Y - UlUg-Int(UlUg-Cl(V))))
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= X — mr-fInt(FH(Y — oy05-Int(0,05,-CL(V))))
= X — 117o-BInt(F* (0105-CI(Y — 0105-C1(V))))
C X — FH(Y = 6,05-CI(V))

L I (616,4C1(VD);

Consequently, we obtain 7,75-SCI(F~(V)) C F~(0109-CI(V)).
(7) = (1): Let x € X and V be a o,0,-0open set containing F'(z). By (7), we

have

z € FH(V) C F*(0105-Int(0105-CI(V)))
= X — F~(0,05-CI(Y — 7,05-CI(V)))
C X — nm-BCHF~ (Y — 0105-Cl(V)))
= Ti7o-BInt(F (0,05-C1(V))).

Therefore, x € T 7o-FInt(F*(0109-C1(V))), and hence F' is upper weakly [(7i,72)-

continuous by Theorem 4.1.2. [

Theorem 4.1.6. For a multifunction F : (X, 7,7) — (Y,01,02), the following

properties are equivalent:
(1) F is lower weakly (7, 72)-continuous;
(2) F~(V) € 7y1o-PInt(F(o102CI(V)))) for every o,05-open set V of Y,
(3) 7i12-BCI(F ¥ (0102-Int(K))))) € FT(K) for every oi0s-closed set K of Y;

(4) T1o-SCHET(a109-Int(0102-CI(B)))))) € F*(0y09-Cl(B)) for every subset B
of Y;

(5) F~(o105-Int(B)) C 1472-BCHF ~(0109-Cl(0109- Int(B)))) for every subset B of
Y,

(6) F~(V) C mymo-pInt(F~(0109-C1(V))) for every oi09-open set V' of Y7
(7) Te-BCHFT(V)) C Ft(0,05-CI(V)) for every o02-open set V of V.

Proof. The proof is similar to that of Theorem 4.1.5. [
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Definition 4.1.7. Let A be a subset of a bitopological space (X, 7y, 72). A point x € X
is called 772-0-cluster point of A if 7175-Cl(U) N A # () for every 7175-open set U
containing z. The set of all 7y7,-0-cluster point of A is called 7 75-0-closure of A and

is denoted by 7172-Cly(A).

A subset A of X is said to be 173-0-closed if A = 1;75-Cly(A). The complement
of a 7 75-0-closed set is said to be 7y7y-0-open. The union of all 7 75-0-open sets

contained in A is called 7 7»-0-interior of A and is denoted by 737»-Intg(A).

Lemma 4.1.8. For a subset A of a bitopological space (X,7,7), the following

properties hold:
(1) If A is mymy-open in X, then 7379-CI(A) = 175~ Clg(A).
(2) 11719-Clg(A) is T 7o-closed in X.

Proof. (1) In general, this holds that 74 75-Cl(A) C 7175-Clg(A). Suppose that
x & 7179-CI(A). Then, there exists a 71 72-open set U containing = such that UNA = ();
hence 7175-CI(U) N A = (). This shows that © ¢ 7;75-Clg(A). Therefore, we obtain
7179-Clg(A) C 172-CI(A). Consequently, 7172-ClI(A) = 1172-Clg(A).

(2) Let © € X — 7y75-Cly(A). Then, x & 7375-Cly(A). There exists a 7372-open set
U, containing = such that 7,75-Cl(U,) N A = (). Then, we have 7175-Cly(A) N U, =
() and so x € U, C X — 7y75-Clg(A). Therefore, we obtain X — 775-Cly(A) =

Uzex —rimo-Clg(4)Uz. This shows that 7,75-Cly(A) is. 71 72-closed. O

Definition 4.1.9. A subset A of a bitopological space (X, 71, 72) is said to be (71, 72)r-
closed (resp. (71, 72)s-open, (7, 72)p-open, (71, 72)B-open) if A= 1,75-Cl(775-Int(A))
(resp. A C 1172-Cl(1y7e-Int(A)), A C 7 79-Int(7375-C1(A)),

A C 7175-Cl(7y7o-Int(1372-Cl(A))))

Theorem 4.1.10. For a multifunction £ : (X,71,7) — (Y,01,0,), the following

properties are equivalent:
(1) F is upper weakly (1, 72)-continuous;

(2) 1 79-BCI(F~ (0109-Int(0102-Cly(B)))) C F~(0109-Clyp(B)) for every subset B
of Y;
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(3) 1 19-BCI(F~ (0109-Int(0102-C1(B)))) C F~(0102-Cly(B)) for every subset B of
Y,

(4) 11 79-BCH(F~ (0109-Int(0102-CI(V)))) € F~(0105-CI(V')) for every oj09-open
set V of YV,

(5) TlTQ-BCI(Fi(0'10'2-Int<0'10'2-C1(V)))) C Fi(O'lo'g—Cl(V)) for every (0'1,0'2)[)—
open set V of Y;

(6) 71 79-BCHF~(0109-Int(K))) C F~(K) for every (oy,09)r-closed set K of Y

(7) TlTQ-BCI(Fi(0'10'2-Int(0'10'2-C1(V)))) C F7(0'10'2-C1(V)) for every (0'170'2)5—
open set V of Y

(8) TlTQ-BCI(F_(0'10'2-Int<0'10'2-C1(V>>)) Q F7(0'10'2-C1(V)) for every (0'1,0'2)5—
open set V' of Y.

Proof. (1) = (2): Let B be any subset of Y. Then, 0,05-Cly(B) is 0,02-closed in Y.
Therefore, by Theorem 4.1.5(3) we obtain

TlTQ-BCI(F_ (0'10'2—Int(0'10'2-C19(B)))) g F~ (0'10'2—C1,9(B>>.

(2) = (3): This is obvious since g,05-Cl(B) C 0,05-Cly(B) for every subset B
of Y.

(3) = (4): This is obvious since 0102-Cl(V) = g109-Cly(V) for every oj09-open
set V of Y.

(4) = (5): Let V be a (o1, 09)p-open set of Y. Then, we have

V' C oy09-Int(0109-C1(V')), and hence
0'10'2-C1(V) = 0'10'2-C1<0'10'2-Int(0'10'Q-CI(V))).

Now, put G = 0105-Int(g109-CL(V)), then G is gyo9-open in Y and
0109-Cl(G) = 0105-C1(V). Therefore, by (4) we have

T172-BCL(F~ (0109-Int(0102-C1(V')))) C F~(0102-C1(V)).
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(5) = (6): Let K be any (o0q,09)r-closed set of Y. Then, we have oy05-Int(K) is
(01, 02)p-open in Y and by (5), we obtain

71 To-BCH(F ™ (0109-Int(K))) = Ty72-BCI(F~ (0109-Int(0102-Cl(0109-Int(K)))))

C F~ (0102-Cl(ayo2-Int(K))) = F~ (K).
(6) = (7): Let V be any (01, 02)3-open set of Y. Then, we have
V C 0105-Cl(e105-Int(0,05-CI(V'))).
Since 0109-CI(V') is (01, 09)r-closed in Y, by (6)
71 To-BCl(F~ (0109-Int(0102-C1(V)))) C F~(0102-CL(V)).

(7)
(8)
by (8) we have

(8): This is obvious since every (o, 09)s-open set is (o7, 02)-open.

4od

(1): Let V be any oj09-open set of Y. Since V is (o, 09)s-open set in Y,

71 79-BCHE (V) C 1y 19-BCH(F~ (0109-Int(0102-C1(V)))) C F~ (0102-C1(V)).

By Theorem 4.1.5, we obtain F' is upper weakly (7, 73)-/3-continuous. O

Theorem 4.1.11. For a multifunction F' : (X, 7,7) — (Y,01,02), the following

properties are equivalent:

(1) F is lower weakly (71,72 )-continuous;

(2) Ti7-BCI(F*(0102-Int(0102-Clp(B)))) C F T (0109-Clp(B)) for every subset B
of Y;

(3) mme-SCIET (0102-Int(0169-C1(B)))) C F(0,09-Cly(B)) for every subset B of
Y;

(4) TlTQ-BCI(F+(0'10'2-Int<0'10'2-C1(V)>)) Q F+(0'10'2-C1(V)) for EVery o;02-0pen

set V of V;

(5) TlTQ-BCI(FJr(0'10'2-Int(0'10'2-C1(V>>)) g F+(O'10'2—C1(V)) for every (0’1,0‘2)[)—
open set V' of Y;
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(6) T172-BCI(EF T (0102-Int(K))) C FT(K) for every (o7, 02)r-closed set K of Y

(7) Ti7e-BCUE T (0109-Int(0109-C1(V)))) C Ft(010o-CI(V)) for every (o1,02)0-

open set V' of Y;

V) for every (oy,0)s-



CHAPTER 5

CONCLUSIONS

5.1 Conclusions

The purposes of this thesis are to introduce the notions of (1, 72 )-continuous
multifunctions, almost (7, 72)-continuous multifunctions, and weakly [(7,72)-
continuous multifunctions; moreover, some characterizations of these multifunctions
are obtained. The results are as follows:

1. A multifunction F': (X, 7, 72) — (Y, 01,0) is said to be:

(1) upper [(11,T2)-continuous at a point x € X if for each oj09-open
set V' of Y containing F'(z), there exists a 7 72--open set U containing x such that
FU) CV;

(2)lower [(11,T2)-continuous at a point x € X if for each oy09-open set
V of Y such that F'(z) NV # (), there exists a 7,75-5-open set U containing x such
that F'(z) NV = () for every z € U;

(3) upper (resp. lower) (11, T2)-continuous if F' has this property at each
point of X.

From the above definition, the following theorems are derived:

1.1 A multifunction F' : (X, 7,72) — (Y,01,02) is upper [(11,72)-
continuous at x € X if and only if z € y7-SInt(F* (1)) for every
o104-open set V' of Y containing F(xz).

1.2 A multifunction F: (X, 71, 7) — (Y, 01, 09) is lower
[(11, To)-continuous at z € X if and only if z € m7-GInt(F~ (1)) for every g109-
open set V' of Y such that F(z)nV #0.

1.3 For a multifunction F' : (X, 7, 7) — (Y,01,09), the following
properties are equivalent:

(1) F is upper 3(71,T2)-continuous;

(2) FT (V) is 1y79-8-open in X for every oi0,-open set V of YV
(3) F~(K) is myme-f-closed in X for every oj09-closed set K of Y,
(4) T72-BCI(F~(B)) C F~(0102-Cl(B)) for every subset B of Y

35
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(5) 7 -Int(7o-Cl(7y-Int(F'~(B)))) € F~(0102-Cl(B)) for every subset B.

1.4 For a multifunction F : (X,7,7) — (Y,01,09), the following
properties are equivalent:

(1) F is lower (7, 72)-continuous;

(2) F=(V) is mym-S-open in X for every gjos-open set V of Y

(3) F(K) is mymp-f-closed in X for every oj0z-closed set K of Y

(4) T 72-BCI(FT(B)) C Ft(0109-Cl(B)) for every subset B of Y;

(5) 71-Int(7o-Cl(71-Int(F(B)))) C F*(0109-CI(B)) for every subset B.
2. A multifunction F': (X, 1, 72) — (Y, 01,0) is said to be:

(1) upper almost ((r,2)-continuous at a point x € X if for each oy0,-
open set V of Y containing F'(z), there exists a 7 7»-3-open set U containing x such
that F'(U) C gy-Int(oo-C1(V));

(2) lower almost [(1y, Ty)-continuous at a point x € X if for each o,0,-
open set V' of Y such that F(x) NV # (), there exists a 7,7»-3-open set U containing
x such that F(z) N oy-Int(02-C1(V')) # () for every z € U;

(3) upper almost (resp. lower almost) ((7i, 2)-continuous if F has this
property at each point of X.

From the above definition, the following theorems are derived:

2.1 A multifunction F : (X, 71, 7) — (Y, 01,09) is upper almost (7, 72)-
continuous at x € X if and only if x € Tm-SInt(F*(0109-8C1(V))) for every
o10z-open set V' of Y containing F'(z).

2.2 A multifunction F : (X, 11, 7) — (Y, 01,02) is lower almost (7, 72)-
continuous at x € X if and only if © € mm-SInt(F~(0109-sCI(V))) for every
o109-open set V of Y such that F(x) NV # (.

23 For a multifunction /' : (X, 7,7) — (Y,01,02), the following
properties are equivalent:

(1) F is upper almost [(71,7)-continuous;

(2) for each x € X and each gy045-open set V' of Y containing F(x),
there exists a 73 72--open set U of X containing x such that F(U) C 0,05-sCI(V);

(3) F*(V) C mme-BInt(F*(0102-sCI(V))) for every oi02-open set V
of Y,
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(4) T 79-BCI(F~ (0109-sInt(K))) C F~(K) for every oj09-closed set K.

2.4 For a multifunction F : (X, 7,7) — (Y,01,09), the following
properties are equivalent:

(1) F is lower almost 3(7y, 7 )-continuous;

(2) for each & € X and each o,09-open set V' containing F'(z), there
exists a 7y 7»-0-open set U containing x such that F'(z) Nay02-sCl(V) for each z € U;

3) F~ (V) C myre-fInt(F~ (0109-sC1(V))) for every o,0,-open set V;

(4) 71 72-BCI(F* (0109-sInt(K))) C FH(K) for every oy0,-closed set K.

2.5 If a multifunction F' : (X, 71, 70) — (Y, 01, 09) is lower almost (7, 72)-
continuous, then BCIF, : (X, 1, 72) = (Y,01,09) is lower almost (1, 72)-continuous.

3. A multifunction F': (X, 71, 72) — (Y, 01, 02) is said to be:

(1) upper weakly [((1,72)-continuous at a point x € X if for each
o104-open set V' of Y containing F'(x), there exists a 7 7»-beta-open set U containing
x such that F(U) C 0,0,-C1(V);

(2) lower weakly ((71,T2)-continuous at a point x € X if for each
o10z-open set V. of Y such that F(z) NV +# (), there exists a 7375-8-open set U
containing z such that F'(z) N oy02-CL(V') # ) for every z € U,

(3) upper weakly (resp. lower weakly) [B(r1,Ts)-continuous if F has
this property at each point of X.

3.1 A multifunction F': (X, 7,7) — (Y, 01, 02) is upper weakly 5(7, 72)-
continuous at # € X if and only if x € 7 7o-BInt(F£ " (0,02C1(V))) for every o,02-open
set ' containing F(z).

3.2 A multifunction F : (X, 7, 7) — (Y, 01,02) is lower weakly (7, 72)-
continuous at z € X if and only if # € 7 7o-BInt(F#'~ (5102C1(V))) for every o,02-open
set V such that F(z) NV # 0.

3.3 For -a multifunction F' : (X,7, 1) — (Y,01,0,), the following
properties are equivalent:

(1) F' is upper weakly [(7;,7)-continuous;

(2) FH(V) C mme-BInt(F T (0102C1(V))) for every o;09-open set V;

(3) m1o-BCI(F~(0102-Int(K))))) € F~(K) for every o05-closed set
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(4) 7y 79-BCH(F~ (0109-Int(0109-Cl(B)))))) C F~(0102-Cl(B)) for every
subset B of Y;

(5) Ft(o109-Int(B)) C 1y7e-SInt(F* (0109-Cl(0109- Int(B)))) for every
subset B of Y;

(6) FH(V)) Cmym-Slnt(FT(0109-Cl(V))) for every oy09-open set V' of
Y,

(7) 1 17o-BCUF~(V)) € F~(0109-CI(V)) for every o,09-open set V' of

3.4 For a multifunction F : (X,7,7) — (Y,01,02), the following
properties are equivalent:
(1) F' is lower weakly B(7, T2)-continuous;
(2) F~ (V) C mima-pInt(F~(0102C1(V))) for every oy09-open set V' of
Y,
(3) mime-BCI(F*(0109-Int(K))))) C F*(K) for every oi09-closed set
K;
(4) T172-BCI(F* (0109-Int(0109-C1(B)))))) C FT(0102-Cl(B)) for every
subset B of Y;
(5) F~(0102-Int(B)) C 1179-BCI(F~(0109-Cl(0102- Int(B)))) for every
subset B;
(6) F~ (V) C myme-BInt(F~(0102-C1(V))) for every g 0,-open set V;
(7) T172-BCI(EH(V)) € F(0102-CL(V)) for every oj09-open set V.
3.5 For a multifunction F : (X, 7,72) — (Y,01,07), the following

implication hold:

upper (7, 7)-(-continuity

4

upper almost (71, 72)-3-continuity

4

upper weak (7, 73 )-/3-continuity.

The converse of the implications are not true in general.
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5.2 Recommendations

To this end, even though we have found several characterizations presented in
this thesis, there is another type of continuity that interests us to investigate. The
multifunction is defined as:

A multifunction F': (X, 7, 72) — (Y, 01,09) is said to be:

(1) upper (11, Ts)-continuous at a point = € X if for each gy05-open set V of Y

containing F(x), there exists a 7y73-open set U containing x such that F'(U) C V;

(2) lower (7, T3)-continuous at a point x € X if for each oy05-open set V' of Y
such that F(x) NV # (), there exists a T175-open set U containing z such that
F(z) NV #( for every z € U;

(3) upper (vesp. lower) (11, T2)-continuous if F has this property at each point of
X.

Therefore, there are many interesting questions involving several characterizations
of this multifunction yet to be answered. Moreover, the relationships between (7, 72)-
continuity and (71, 72)-continuity are noticeable to study in the future. Besides, The
condition, which make the converse of the relationships true in general, is a further

interesting study.
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