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CHAPTER 1

INTRODUCTION

1.1 Background

Topology is a branch of mathematics that abstracts analysis and geometry, concerned
with the study of topological spaces. A topological space is a mathematical structure con-
sisting of a set with subsets referred to as open sets. The complement of an open set is
called a closed set. Both open and closed sets play important roles in topological spaces.
Additionally, there are two fundamental operators: closure and interior, which correspond
to closed sets and open sets, respectively. Later, mathematicians studied various general-
ized sets of open sets and the properties of them. In 1968, Veli¢ko [13] introduced a class
of open sets in topological spaces called d-open sets and he investigated the concepts of
0-closed sets and d-closure.

Continuity is a fundamental concept in general topology. This concept has been
generalized using open and closed sets. In 1980, Noiri [10] introduced a new class
of functions in a topological space known as d-continuous functions. He also investi-
gated various characterizations of d-continuous functions and the relationship between 9-
continuity and almost continuity. However, an almost-continuous function may not neces-
sarily be d-continuous. Rose [11] introduced the concept of weakly continuous functions
and investigated the relationships between continuous and weakly continuous functions
in 1984. The characterizations of weakly d-continuous functions and the relationship be-
tween weak continuity and weak J-continuity were studied in greater depth by Baker [2]
in 1985.

Kelly [7] initiated the concept of bitopological spaces in 1963, and he investigated
the separation axioms in bitopological spaces. Subsequently, many mathematicians have
introduced and studied various classes of open and closed sets in bitopological spaces. In

2018, Boonpok et al. [4] introduced the notions of 73 75-0pen sets, 7 7»-closed sets, and



T1To-closure in bitopological spaces. Additionally, Viriyapong and Boonpok [14] intro-
duced and investigated some properties of (7, 75 )r-open sets.

Consequently, the researchers are interested in defining and investigating various char-
acterizations of (7, 75)-continuous functions, almost (71, 75 )-continuous functions, and
weakly &(71, 72)-continuous functions.  We further discuss the relationships among al-
most d(71, T2 )-continuous functions, weakly d(7;, 72)-continuous functions, and 0 (7, 72)-

continuous functions.

1.2 Objectives of the research

The purposes of the research are:
(1) To define and investigate the characterizations of (71, 72)-continuous func-
tions, almost d(7, 72 )-continuous functions and weakly ¢(71, 72)-continuous functions.
(2) To study the relationships of § (71, 72 )-continuous functions, almost 6 (7, 72)-

continuous functions and weakly (77, 75 )-continuous functions.

1.3 Research methodology

The research procedures of this thesis consists of the following steps:

(1) To criticize possible extension of the literature review.

(2) To define and investigate the characterizations of § (7, 72 )-continuous func-
tions.

(3) To define and investigate the characterizations of almost d(7y, 72 )-continuous
functions.

(4) To define and investigate the characterizations of weakly 0 (7, 72 )-continuous
functions.

(5) Tomake the conclusions and do a complete report to offer Mahasarakham

University.



1.4 Scope of the study

The scope of the study are: the chara ons and relatlonshlps of §(7, 72)-continuous

)-continuous func-



CHAPTER 2

PRELIMINARIES

The content of this chapter consists of three sections: the first section presents the
notion of topological spaces, the second section discusses the concept of continuous func-
tions, and the third section focuses on bitopological spaces. We define some notations,
deal with some preliminaries, and present some useful results that will be replicated in the

next chapter.

2.1 Topological spaces

In this section, the definitions and established properties of open sets and d-open sets

in topological spaces are given. The main results are:

Definition 2.1.1. [5] Let X # (). A topology T on X is a collection of subsets of X,

Then, 7 is called topology on X if and only if 7 satisfies the following properties:
10, X er.
(2) If G1,Gs € Tthen G NGy € 7.
(3) If G; € T forall i € J then Use;G; € 7.

The set X together with a topology 7 on X is called a fopological space, denoted by

(X, 7). The elements of 7 are called open set.

Definition 2.1.2. [1] Let (X, 7) be a topological space and A C X. Then, A is closed if
X — A is open.

Example 2.1.3. Let us consider the topological space (X, 7) such that X = {a,b,c,d}
and 7 = {0,{a,b},{c,d}, X}. We observe that 0}, {a, b}, {c,d} and X are open sets.
Therefore, it is clear that X, {c, d}, {a, b} and () are closed.



Definition 2.1.4. [5] Let (X, 7) be a topological space and A C X. The interior of A is
the set given by Int(A) = U{U C X : U C A and U is open}.

Example 2.1.5. Let X = {a,b,c} with 7 = {0, {a},{c}, {a,c}, X}, and let A = {a, c}.
It is easy to verify that Int(A4) = {a, c}.

Theorem 2.1.6. [1] Let (X, 7) be a topological space and A, B C X.
(1) If U is an open set in X and U C A, then U C Int(A).
(2) If A C B, then Int(A) C Int(B).
(3) Aisopen if and only if A = Int(A).
(4) Int(A) UInt(B) C Int(AU B).
(5) Int(A) NInt(B) = Int(A N B).

Definition 2.1.7. [S] Let (X, 7) be a topological space and A C X. The closure of A is
the set given by Cl(A) = N{F C X : Flisclosed and A C F'}.

Example 2.1.8. Let X = {a,b, ¢} with 7 = {0, {a}, {c},{a,c}, X}, and let A = {a}.
It is easy to verify that {a,b} and X are closed sets such that A C {a,b} and A C X.
Therefore, CI(A) = {a,b} N X = {a, b}.

Theorem 2.1.9. [1] For subsets A and B in a topological space (X, 7), the following

statements hold:
(1) If Fis a closed set in X and A C F, then CI(A4) C F.
(2) If A €B, then CI(A) C CI(B).
(3) Aisclosed if and only if A= CI(A).
(4) CI(AU B) = CI(A) UCI(B).

(5) CI(AN B) C CI(A) N CI(B).



(6) Int(X — A) = X — CI(A).
(7) CI(X — A) = X — Int(A).

Definition 2.1.10. [10] A subset U of a topological space (X, 7) is said to be a regular
open set if U = Int(C1(U)).

Definition 2.1.11. [10] A subset V' of a topological space (X, 7) is said to be regular
closed if V = Cl(Int(V)).

Example 2.1.12. Let us consider the topological space (X, 7) such that X = {a,b, ¢, d}
and 7 = {0, {a}, {b}, {a, b}, {b, ¢}, {a,bye}, X }. Itis easy to check that (), {a}, {b, c} and

X are regular open sets. Moreover, the regular closed sets are (), {a,d}, {b, ¢, d} and X.
Definition 2.1.13. [13] Let (X, 7) be a topological space and A C X.

(1) A pointz € X is called a d-cluster point of A if ANU # () for every regular open
set U of X containing z. The set of all d-cluster points of A is called the d-closure

of A denoted by Cls(A).

(2) A subset A of X is called d-closed if A = Cls(A). The complement of a §-closed

set ia called a d-open set in X.

(3) The d-interior of A is denoted by Ints(A), and given by

Ints(A) = U{U C X : U is aregular openset, U C A}.

Example 2.1.14. From example 2.1.12, We observe that ), {d},{a,d}, {b,c,d} and X

are d-closed sets. Therefore, the complements of §-closed are J-open.

Example 2.1.15. Let A = {a,c}. From example 2.1:12, we obtain that regular open
sets are (), {a}, {b,c} and X. It is easy to verify that ) € A and {a} C A. Therefore,
Ints(A) = QU {a} = {a}.



Theorem 2.1.16. [13] For subsets A and B in a topological space (X, 7), the following

statements hold:
(1) Ints(A) is the largest d-open set contained in A.
(2) Ais d-openifand only if A = Ints(A).
(3) Ints(Ints(A)) = Ints(A).
(4) X — Ints(A) = Cls(X — A).
(5) X — Cls(A) = Ints(X — A).
(6) If A C B, then Ints(A) C Ints(B).
(7) Ints(A) Ulnts(B) C Ints(AU B).
(8) Ints(AN B) = Ints(A) N Ints(B).

(9) If A, is 0-open in X for each o € A, then U, A, 1s d-open.

2.2 Continuous functions

The concept of continuous function is a basic to study general topology. In this sec-
tion, we mention some definitions and characterizations of continuous functions, almost
continuous functions, weakly continuous functions, d-continuous functions, and weakly J-
continuous functions in topological spaces. Additionally, the relations among these func-

tions are discussed. The main results are:

Definition 2.2.1. Let (X, 7) and (Y, o) be topological spaces. A function
f (X, 7) = (Y, 0) is said to be:

(1) continuous [1] if, for each z € X and every open set V' containing f(z), there exists

a neighborhood U of x such that f(U) C V.



(2) almost continuous [12] if, for each z € X and for each open neighborhood V' of
f(x), there exists an open neighborhood U of z such that f(U) C Int(CL(V)).

Example 2.2.2. Let X = {a,b,c} with topologies 7 = {0, {a}, {c}, {a, b}, {a,c}, X}
and 0 = {0, {a}, {c},{a, c}; X}. A function f : (X,7) — (X, 0) is defined as follow:
f(a) =a, f(b) = band f(c) = c. Then f is continuous.

Remark. For a function f : (X, 7) — (Y, 0), the following implication holds:
continuous = almost continuous.

The converse of the implication is not true in general. We can see from the following

example.

Example 2.2.3. Let (X, 7) and (X, o) be topological spaces such that X = {a, b, ¢,d},

7 ={0,{a}, {b},{a, b}, {b,c},{a,b,c}, X} and o = {0, {c},{a,c}, {b,c},{a,b,c}, X}.

A function f : (X,7) — (X, o) is defined as follow: f(a) = b, f(b) = f(d) = d and

f(c) = c. Then f is almost continuous, but f is not continuous.

Definition 2.2.4. [9] Let (X, 7) and (Y, o) be topological spaces. A function
f (X, 7) = (Y, 0) is said to be weakly continuous at a point x € X if, for each neighbor-
hood V' of f(x), there exists a neighborhood U of « such that f(U) C CI(V'). A function

f is said to be weakly continuous if f is weakly continuous at each point z € X.
Remark. For a function f: (X, 7) — (Y] 0), the following implication holds:
almost continuous =- weakly continuous.

The converse of the implication is not true in general. We can see from the following

example.

Example 2.2.5. Let (X, 7) and (X, o) be topological spaces such that X = {a, b, c},

with topologies 7 = {0, {a}, {a, b}, X} and 0 = {0, {a}, {c}, {a,c}, X }.



A function f : (X, 7) — (X, 0) is defined as follow: f(a) = f(b) = band f(c) = a.

Then f is weakly continuous, but f is not almost continuous.

Theorem 2.2.6. [1] For a function f : (X,7) — (Y, 0), the following properties are

equivalent:
(1) f is continuous.
(2) f~Y(V) is open of X for every open subset V of Y.
(3) f7U(F) is closed of X for every closed subset F of V.

Theorem 2.2.7. [9] A function f : (X, 7) — (Y, 0) is weakly continuous if and only if
f~HV) C Int(f~1(C1(V))) for each open subset V of Y.

Theorem 2.2.8. [11] A function f : (X, 7) — (Y, 0) is weakly continuous if and only if
CI(f~1(V)) € f1(CI(V)) for each open subset V of Y.

Theorem 2.2.9. [12] For a function f : (X,7) — (Y, 0), the following properties are

equivalent:
(1) f is almost continuous.
(2) f~1(V) is an open subset of X for every regular open subset V' of Y.
(3) f~'(F) is a closed subset of X for every regular closed subset /' of Y.

(4) For each point z of X and for each regular open neighborhood M of f(x), there is
a neighborhood N of  such that f (V) C M.

(5) f7H(A) CInt(f~!(Int(CI(A)))) for every open subset A of Y.
(6) CI(f~X(Cl(Int(B)))) € f*(B) for every closed subset B of Y.

Theorem 2.2.10. [11] For a function f : (X, 7) — (Y, 0), the following properties are

equivalent:
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(1) f is almost continuous.
(2) f~YV) C Int(CI(f~*(V))) for each open subset V of Y.

(3) f(CI(U)) C CI(f(U)) for each open subset U of X.

Definition 2.2.11. Let (X, 7) and (Y, o) be topological spaces. A function
f:(X,7) = (Y, 0) is said to be:

(1) d-continuous [10] if, for each x € X and each open neighborhood V' of f(x), there
exists an open neighborhood U of z such that f(Int(C1(U))) C Int(Cl(V)).

(2) weakly §-continuous [2] if, for each z € X and each open neighborhood V' of f(z),
there exists an open neighborhood U of = such that f(Int(Cl(U))) C CI(V).

Example 2.2.12. From example 2.2.3, we obtain that f is almost continuous. Moreover,

f 1s weakly d-continuous function.
Remark. For a function f : (X, 7)) — (¥, 72), the following implication holds:
d-continuous => almost continuous =- weakly d-continuous =- weakly continuous.

The converse of the implication is not true in general. We can see from the following

example.

Example 2.2.13. From example 2.2.2, we obtain that f is continuous. Moreover, [ is

almost continuous, but f is not /-continuous.
Example 2.2.14. Let (X, 7) and (X, o) be topological spaces such that X = {a,b,c},
with topologies 7 = {0,{a}, {a,b}, X} and o = {0, {a}, {c}, {a,c}, X}.

A function f :«(X,7) — (X, o) is defined as follow: f(a) = f(b) = band f(c) = a.

Then f is weakly d-continuous, but f is not almost continuous.

Theorem 2.2.15. [10] For a function f : (X,7) — (Y, 0), the following properties are

equivalent:
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(1) f is d-continuous.

(2) Foreach z € X and each regular open set V' containing f (), there exists a regular

open set U containing « such that f(U) C V.
(3) F(Cls(A)) € Cly(f(A)) for every A C X.
(4) Cls(f'(B)) C /1 (Cls(B)) fot every B C Y.
(5) f7Y(F)is d-closed in X for every regular closed set F of Y.
(6) f7Y(F)is d-closed in X for every d-closed set F' of Y.
(7) f~Y(V)is §-open in X for every §-open set V of Y.
(8) f~Y(V) is d-open in X for every regular open set V of Y.

Remark. For a function f : (X, 7) — (Y, o), from the definitions 2.2.1, 2.2.4 and 2.2.11

defined above, we have the following diagram implications.

continuous weakly continuous

almost continuous

<S5

d-continuous ~ weakly d-continuous
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2.3 Bitopological spaces

In this section, we present some main notion of bitopological spaces. Kelly [7] in-
troduced the concept of bitopological spaces, then many studies have been conducted to
extend topological ideas into a bitopological context.

According to Kelly [7], a bitopological space (X, 7, 72) isaset X with two topologies,
71 and 75. Let A be a subset of a bitopological space (X, 71, 73). The closure of A and
the interior of A with respect to 7; are denoted by 7;-CI(A) and 7;-Int( A), respectively, for
i=1,2.

Definition 2.3.1. [4] Let (X, 71, 72) be a bitopological space and A C X. A is called a

11 79-0pen set if A = 1-Int(7o-Int(A)). The complement of 7 m5-0pen is 7 7o-closed.

Example 2.3.2. Let X = {a,b,c} with topologies 71 = {0, {a}, {b},{a,b}, X} and
1o = {0,{a},{b,c}, X}. It is easy to check that {a} is a 71 7»-open set, but {a, b} is not a

71 T9-open set. Therefore, the complement of {a} is 7 75-closed.

Definition 2.3.3. [4] Let (X, 7y, 7) be a bitopological space and A C X. Then, the
71 T9-closure of A denoted by 7175-CI(A) is defined as

7179-Cl(A) = N{F C X : Fis iy7>-closed in X and A C F'}.

Example 2.3.4. Let A = {b}. From Example 2.3.2, it is easy to verify that X, {b, c} and
() are T 75-closed. Since A C X and A C {b, c}, then 71 75-Cl(A) = X N {b, ¢} = {b, c}.

Definition 2.3.5. [4] Let (X, 71, 7) be a bitopological space and A C X. Then, the

T To-interior of A denoted by 717-Int(A) is defined as
T m-Int(A) = U{G C X : GisTim-openin X and G C A}.

Example 2.3.6. Let X = {a,b,c} with topologies 7, = {0, {a}, {b},{a,b}, X} and
7 = {0,{a},{b,c}, X}. Let A = {a,b}. It is easy to verify that ), {a} and X are
mi1e-open in X. Since ) C A and {a} C A, then 7y 7»-Int(A) = QU {a} = {a}.



13

Definition 2.3.7. [4] A subset N of a bitopological space (X, 71, 72) is said to be a 71 7-

neighborhood of x if there exists a 7y 75-open set V of X suchthatx € V' C N.

Example 2.3.8. Let X = {a,b, ¢} with topologies 7 = {0, {a}, {c}, {a,b},{a,c}, X}
and 7o = {0, {a},{c},{a,c}, X}. Let N = {a,b}. It is easy to verify that ), {a}, {c}
and X are myp-open in X. Clearly, a € {a} C N. Then, NN is 73 72-neighborhood of
a€X.

Lemma 2.3.9. [4] Let A and B be subsets of a bitopological space (X, 71, 72). For the

T1T9-closure, the following properties hold:
(1) A C mm-Cl(A) and 71 79-Cl(1172-C1(A)) = 1172-CI(A).
(2) If A C B, then 7 7-Cl(A) C 7y7-CI(B).
(3) 7 72-CI(A) is 11 72-closed.
(4) Ais mymo-closed if and only if A = 7175-CI(A).
(5) m-Cl(X — A) = X = my7o-Int(A).

Proposition 2.3.10. Let (X, 7y, 73) be a bitopological space and A C X. Then
x € 1175-CI(A) if and only if V' 1 A # () for every 7, m»-open set V containing x.

Proof. Let v € 1y1»-Cl(A) and V be any 71 »-open set containing .

Suppose that V N A = () for some 7, 5-open set V' containing ;, so X — V' is 7 7»-closed
such that A C X — V. Hence, z € 7473-Cl(A) C 7y72-C(X — V) = X — V. Thus,
r € X — V which is a contradiction that z € V. Therefore, V 1A # () for every 1,7o-
open set V containing z. Conversely, assume that V. N A # () for every 7, m5-open set
V' containing x. Suppose that x ¢ 7,75-CI(A), so there exists a 7 75-closed set [ such
that A C Fand x ¢ F. This implies that X — F'is a 7y 79-0open set containing x and
(X — F) N A = (), which is a contradiction that VN A # () for every T 72-open set V
containing x. Thus, z € 7175-CI(A). O
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Definition 2.3.11. [3] A subset A of a bitopological space (X, 7, 72) is said to be a
(11, m2)s-open if A C 1y715-Cl(772-Int(A)). The complement of a (71, 72)s-open set is

said to be (71, T2)s-closed.

Example 2.3.12. Let X = {a, b, c} with topologies 71 = {0,{a}, {c},{a,b},{a,c}, X}
and » = {0,{a},{c}, {a,c}, X}. Itis easy to verify that 0, {a}, {c}, {a,c} and
X are myme-open in X. Furthermore, 0, {b}, {a,b}, {b,c} and X are 7 m»-closed in
X. Let A = {a,c}, we obtain that 7;75-Cl(7y72-Int(A)) = X. It can be seen that
A C m1o-Cl(1y72-Int(A)), and hence {a, ¢} is a (71, 72)s-open set in X. Therefore, the

complement of {a, c} is a (7, 75)s-closed set.

Definition 2.3.13. [14] A subset A of a bitopological space (X, 71, 72) is said to be:
(1) (11, m2)r-open if A = 1 7o-Int(1172-CI(A)).
(2) (1, m2)r-closed if A = 1715-Cl(T72-Int(A)).

Definition 2.3.14. [3] A subset A of a bitopological space (X, 71, 72) is said to be:
(1) (71, m2)p-open if A C 7ymp-Int(7372-Cl(A)).
(2) (11, m2)B-open if A C m1o-Cl(myme=-Int(1172-CI(A))).

Example 2.3.15. From Example 2.3.12, we have (), {a}, {c}, {a,c} and X are 71 75-open
in X. Furthermore, and the (), {b}, {a, b}, {b,c} and X are 7 7>-closed

(1) Let A = {c}. Then, we have 7, 75-Int(7,75-Cl({c})) = {c}. Therefore, {c} is a

(71, T2)r-0pen set.

(2) Let B = {a,b}. Then, we have 7175-Cl(1ym2-Int({a, b})) = {a, b} Thus, {a, b} is

a (1, 7o)r-closed set.

(3) Let C' = {a, c}. Then, we have 7 7o-Int(7179-Cl({a, c})) = X. It can be seen that
A C myrp-Int(1172-Cl(A)). Thus, {a, c} is a (71, 72)p-open set.
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(4) Let D = {a}. Then, we have 71 72-Cl(772-Int(7175-Cl({a}))) = {a, b}. It can be
seen that A C 7y 75-Cl(7 7o-Int(7y75-C1(A))). Thus, {a} is a (71, 7o) S-open set.

Remark. For a bitopological space, the properties are holds:
(1) Every (11, 7o)r-closed set is (11, T2 )s-open.
(2) Every (11, 7a)r-open set is (71, 75)p-Open.
(3) Every (7, T2)s-open set is (11, T9) 3-open.
(4) Every (11, T2)p-open set is (71, 72) 5-open.
The following examples show that the converse of the implication is not true in general.

Example 2.3.16. Let X = {a,b,c,d} with topologies 71 = {0,{a}, {b},{a,b}, X}
and o = {0,{a}, {b},{c},{a,b},{a,c},{b,c},{a,b,c}, X}. Itis easy to verify that
0,{a},{b} and X are (71, T2)r-open sets in X.

(1) Let A = {a,b}. Then, we have A C 73 7p-Int(7,75)-Cl(A) = X. Therefore, A is a

(71, T2 )p-open set, but A is not (7, 75)r-open.

(2) Let B = {b,d}. Then, we have B C 7379=Cl(7172)-Int(B) = {b, ¢, d}. Therefore,

Bisa (1, 72)s-open set, but B is not (73, 72)r-closed.

(3) Let C = {a, c}. Then,{a,c} is a (11, 7o) 5-open set. Since

{a,¢} ¢ {a} = nime-Int(n12-Cl({a, c})),
we obtain that {a, c} is not (7, 72)p-open.

Example 2.3.17. Let (X, 7, 7») be a bitopological space such that X = {a,b,c} with
topologies 71 = {0,{b}, {c};{b,c}, X} and 75 = {0,{a},{b;c}, X}. Then, {b} is a
(71, 72)3-open set. Since {b} € () = 71 72-Cl(7i7o-Int({b})), we obtain that {b} is not

(71, T2)s-open.



CHAPTER 3

ON (71, 75)-CONTINUOUS FUNCTIONS

In this chaptet, we introduce the concept and investigate some characterizations of
(7, 2)-continuous functions. The chapter is organized as follows: Section 3.1 defines
and investigates the properties of §(7, 72)-open sets. In section 3.2, we introduce and
discuss several characterizations of 0(7, 72)-continuous functions. Finally, the concept
of almost &(7y, 72)-continuous functions and the relations between §(7q, 72)-continuous

functions and almost ¢(7;, 75)-continuous functions are presented in Section 3.3.
3.1 (7, 72)-open sets

In this section, we define and investigate the properties of d(71, 72 )-open sets. Addi-
tionally, we discuss the notions of d(7, 72)-open sets and 0 (7, 73)-closed sets, as well as

the 6(y, 72)-closure and the (7,72 )-interior.

Definition 3.1.1. Let A be a subset of a bitopological space (X, 7, 7). A point z of
X is called a &(my, 72o)-cluster point of A if VN A = () for every (71, m2)r-open set V'
containing z. The set of all §(7y, 75)-cluster points of A is called the (7, 72)-closure of

A and is denoted by (7, 72)-CI(A).

Definition 3.1.2. Let A be a subset of a bitopological space (X, 71, 72). Then, A is called
d(71, 2)-closed if A = §(71,72)-CI(A). The complement of a §(7,, 7)-closed set is called

d(71, T2 )-open.

The family of all (7, 7)-0open (resp. (7, 72)-closed) sets of a bitopological space
(X, 71, TQ) is denoted by 5(T1, TQ)O(X) (I'CSp. (5(7’1, TQ)C(X))

Example 3.1.3. Let X = {a,b, ¢} with topologies 7, = {0, {a}, {c}, {a,b},{a,c}, X}
and 7o = {0, {a}, {c}, {a,c}, X}. Ttis easy to check that {a}, {c}, ) and X are (7, 72)r-
open sets in X. Let A = {a,b}. The set of all d-cluster points of A is {a,b}. Then

16
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d(71,72)-Cl(A) = {a,b} = A. Therefore, {a,b} is a §(7, 72)-closed set and {c} is a

d(71, T9)-open set.
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Lemma 3.1.4. Every (71, 72)r-open set is d (7, 72)-open.

Proof. Let A be any (71, 5)r-open set of X. We shall shows that X — A is (7, 72)-
closed. Assume that z ¢ X — A. Thenz € Aand AN (X — A) = (). It follows from
Definition 3.1.1 that @ & &(m,72)-Cl(X — A). Thus §(7, 72)-Cl(X — A) C X — A. On
the other hand, assume that = ¢ (7, 72)-Cl(X — A). Then, there exists a (71, 75)r-open
set V' containing x such that V' N (X — A) = Q) and hence x € V C A. Thus = ¢ X — A.
Then X — A C (7, 72)-CI(X — A). This implies that X — A = 6(7y, 72)-CI(X — A). By
Definition 3.1.2, we obtain that X — A is a §(7q, 72)-closed set, and hence A is 0(7y, 72)-

open. [

Remark. The converse of Lemma 3.1.4 1s not true. We can be seen from the following

example.

Example 3.1.5. Let X = {a,b,c} with topologies 71 = {0, {a}, {¢},{a,b},{a,c}, X}
and 7o = {0,{a},{c},{a,c}, X}. We can be checked that (), {a}, {c}, {a,c} and X are
the §(71, 72)-open sets. Let A = {a,c}. Since 71 72-Int(775-Cl({a,c})) = X # {a,c},

{a, c} is not a (71, 7)r-open set.

Proposition 3.1.6. For subsets A, B and A, (y € I') of a bitopological space (X, 71, 72),

the following properties hold:
(1) A C (1, 72)-Cl(A) and 7 72-Cl(A) C (71, 72)-CI(A).
(2) If A € B, then (71, 72)-CI(A)-C (7, 72)-C1(B).
(3) o(71, 72)-Cl{NyerAy) C Nyer(d(m; 72)-Cl(A,)).
(4) If A, is a-d(m, 72)-closed set for each v € I', then N, cpA; s d(71, 72)-closed.

(5) = € §(m,72)-Cl(A) if and only if V-1 A £ () for every V € §(71,72)O(X) con-

taining .

(6) (5(7’1,T2)-C1(A> = ﬂ{F € 5(7’1,7’2)0()()’14 - F}
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(7) 0(7y,72)-CI(A) is §(71, T2)-closed, that is

(5(’7’1, Tg)—CI(A) 5(7’1, Tg)—CI((S(Th T2>-C1(A))

Proof. (1): Letx € X and A C X such that x ¢ §(7, 75)-Cl(A). Then, there exists a
(71, 72)r-open set V containing x such that V N A = (). Thus, z € V C X — A. This
implies that = & A. Therefore, A C §(7, 72)-Cl(A).

Let © ¢ 0(m,72)-CI(A). Then, there exists a (71, 72)r-open set V' containing x such
that VN A = (). Since every (71, 72)r-open set is 71 72-open, V' is a 73 5-open set. Hence,
x ¢ 1712-Cl(A). Therefore, 7175-Cl(A) C (71, 72)-Cl(A).

(2): Let A € B. Assume that z ¢ §(71, 72)-Cl(B). Then, there exists a (71, 72)r-open
set V containing x such that V. N B = (). Hence B € X — V. Since A C B, we have
that A C X — V. Thus VN A = (). This implies that x ¢ (71, 72)-CI(A). Therefore,
0(11,12)-Cl(A) C (71, 72)-CI(B).

(3) : Let {A,|y € I'} be a family of subsets of X. Note that N,er A, C A, for all
v €I'. By (2), 6(71, 72)-Cl(Nyer Ay) € 0(71,72)-Cl(A,) and hence

5(7’17 Tg)-CI(ﬂvepA,y) g ﬂvep(5(’rl, Tg)-CI(A,Y)).

(4) : Let A, be any §(7y, 72)-closed set for each v € I'. Then, we obtain that
A, = 0(my, m2)-Cl(A,). It follows from (3) that

6(7’1, 7—2)'Cl(mfy€FA'y) Q m»ye[‘é(Tl,Tg)-Cl(A,y) — I"L,GFAV.

By (1), Nyer Ay C 0(71, 72)-Cl(Nyer A4, ). Hence, 0(71, 7)-Cl(N,erA,) = NyepA,. This
implies that N, cr A, is 0 (71, 72)-closed.

(5) : (=) Letz € 0(71, 72)-CI(A). We shall show that V' N'A # () forevery (1, 72)-
open set V of X containing . Suppose that V. M A = {) for some d(71, 72)-open set V'
containing x, so X — V is (7, 72)-closed and A C X — V. Hence,

x € (7, 12)-Cl(A) C§(r, ) Cl(X -V)=X-V.
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Thus z € X — V, which is a contradiction that € V. Therefore, V N A # () for every
d(71, m2)-open set V' of X containing .

(<) Assume that VN A # () forevery (7, 72)-open set V' containing 2. We shall show
that x € §(7y, 72)-CI(A). Suppose that z ¢ 0(7,72)-CI(A). There exists a (71, 72)r-open
set V' containing x such that VN A = (). By Lemma 3.1.4, V" is a 6(71, 72)-open set of X
such that V' N A = (), which is a contradiction that V' N A # (). Thus, x € §(7, 72)-CI(A).

(6) : Let x € 0(my,72)-CI(A). Suppose that z ¢ N{F € §(m,m2)C(X)|A C F}.
Then, there exists a d(7y, 72)-closed set Fy such that A C Fj and © ¢ Fy. Thus, X — Fj
is a (71, T2)-open set containing z, and hence (X — Fy) N A = (). By (5), we obtain that
x ¢ 0(m, 72)-CI(A), which is a contradiction that z € §(7y, 72)-CI(A). Thus,

r € {F € (mn,m)C(X)|A C F} and hence

d(71,72)-Cl(A) C{F € (m,m)C(X)|A C F}.

Conversely, assume that = ¢ (7, 73)-CI(A). There exists a 6(7, 72)-open set V' of X
containing z such that V. N A = (. Then, X — V is a 0(71, 72)-closed set such that
ACX —Vandzx ¢ X — V. Thus, z ¢ "N{F € §(r,7)C(X)|A C F} and hence
N{F € d(m,m)C(X)|A C F} C §(m,7)-Cl(A). Consequently,

d(71, m2)-Cl(A)y =n{F € §(m, ) C(X)|A C F}.

(7) : By (4) and (6), we have 0(71, 72)-CI(A) is 6 (71, 72)-closed. It follows from Defi-
nition 3.1.2 that 5(7’1, TQ)'CI(é(Tl, Tg)-CI(A)) = (5(7’1, T2>-C1(A) O

Remark. The converse of Proposition 3.1.6 (3) is not true. We can see from the following

example.

Example 3.1.7. Let X = {a, b,c} with topologies 71 = {0, {a},{c}, {a,b},{a,c}, X}
and o = {0, {a},{c},{a,c}, X}. Let A = {a} and B = {b}. Itis casy to verify that
8(m1,72)-Cl(A) = {a,b}, 8(m1,7)-Cl(B) = {b} and (71, 75)-Cl(A N B) = (. Then
§(m1,72)-Cl(A) N 6(71, 72)-Cl(B) = {a, b} N {b} = {b} £ 0 = 6(r1, 72)-Cl(AN B).
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Definition 3.1.8. Let A be a subset of a bitopological space (X, 71, 72). The 0(7y,72)-
interior of A denoted by (71, 72)-Int(A) is defined as follows:

d(7y, m2)-Int(A) = U{G C X | G isad(m,m)-open setin X and G C A}.

Example 3.1.9. Let A = {a,b}. From Example 3.1.5, we obtain that () and {a} are the
d(71, 79)-open sets such that ) C Aand {a} C A. Then, 6(my, 2)-Int(A) = 0 U{a} = {a}.

Lemma 3.1.10. Let (X, 7, 75) be a bitopological space. The (7, 72)-open set is the

union of (71, 79)r-open sets in X.

Proof. Let Abe any 0(7y, m2)-open of X and z € A. Then X — A is 0(71, 72)-closed, and
hence z ¢ X — A = 0(my, 72)-Cl(X — A). There exists a (71, 72)r-open set V,, containing
x such that V, N (X — A) = . Thus, z € V,, C A and hence Upca{z} C U,eaV, C A.
Since A C UgeaV,. Therefore, A = U,caV,.. This shows that A is the union of (1, 75)r-
open sets in X.

Conversely, let V, be any (7, 72)r-open sets for each v € I'. By Lemma 3.1.4, V, is
d(71, 72)-open for every v € I'. Then, we have X =V, is §(7y, 72)-closed for every v € I'.
By Proposition 3.1.6 (4), X —U,erV,, = Nyer(X — V) is 0(71, 72)-closed. Thus, U,crV,

is §(7, 72)-open. O

Proposition 3.1.11. For a subset A of a bitopological space (X, 7y, 72), the following

properties holds:
(1) (5(’7’1, 7'2)-Il'lt(X - A) =X — 5(7’1, TQ)-CI(A)
(2) (5(7’1, Tg)-Cl(X — A) =X — 5(7’1, 72)-Int(A).

Proof. (1): Letw € X —0(7y,72)-Cl(A). Thenx ¢ 6(m, 72)-CI(A). By Proposition 3.1.6
(5), there exists a (1, 72)-open set V. of X containing 2 such that 1V N A = (). Therefore,
r €V C X — A. Hence, & € 6(11, 72)-Int(X — A). This implies that

X — (71, 12)-Cl(A) C 6(my, 72)-Int(X — A).
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On the other hand, suppose that z € §(7, 73)-Int(X — A). There exists a §(7y, 72)-open
set V of X containing x such that V' € X — A, and hence V N A = (). Therefore,
x ¢ §(71,72)-Cl(A). Then z € X — 0(7,,72)-CI(A). Hence,

8(r, m)-Int(X — A) C X — 6(ry, )-CI(A).

Consequently, 0(7y, 72)-Int(X — A) = X — §(71, 72)-CI(A).
(2): Let AC X. Then X — A C X. By (1), we have

0(71,72)-Cl(X — A) = X — (71, 72)-Int(A).
]

Proposition 3.1.12. For a subset A of a bitopological space (X, 7, 72), the following
properties holds:

(1) 6(m1,12)-Int(A) C 7y7o-Int(A).

(2) If A C B, then 6(1y, 72)-Int(A) C 6(7, 72)-Int(B).

(3) If A, isa §(m, m2)-open set for each v € I' , then U, cr A, is §(71, 72)-open.
(4) 6(7y,2)-Int(A) is 6(71, 72)-open, that is

d(71, 72)-Int(d (71, 72)-Int(A)) = §(71, 72)-Int(A).

(5) Uyer(6(m1, 72)-Int(A;)) € 6(71, 72)-Int(User (A4)):
(6) Aisd(ry,1)-open ifand only if §(7, 72)-Int(A) = A.

Proof. (1): Letx € 0(7y, 72)-Int(A). By Lemma 3.1.10, there exists a (71, 72)r-openset 1/
containing x such that V-C A. Sinceevery (73, 72)r-open set is 7173-open, V' is a 7y 73-open
set such thatz € V' C A. Then, z € 7 7>-Int(A). Hence § (7, 72)-Int(A) C 7 7»-Int(A).

(2): Let A C B. Assume that z € (7, 72)-Int(A), so there exists a §(7y, 72)-open
set V' containing x such that V' € A. Since A C B, we have that V' C B. Hence,
x € §(71, 72)-Int(B). Therefore, §(7, 72)-Int(A) C 0(m, 72)-Int(B).
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(3) : Let A, be any (7, 72)-open set for each v € I'. Then, we have X — A, is
(71, m2)-closed for every v € I'. By Proposition 3.1.6 (4), X —U,er A, = Nyer(X — A,)
is 0(71, 72)-closed. Thus U,cr A, i8 6(71, 72 )-open.

(4): By (3), (11, 72)-Int(A) is 6(7, 72 )-open. Let A C X. It follows from Proposition
3.1.11 (2) and Proposition 3.1.6 (7) that

X = (71, m2)-Int(A) = §(m, 72)-Cl(X — A)
= (5(7’1,T2>-C1(5(T1,T2)-C1<X — A))
=X — 5(7’1, Tg)—Int((S(Tl, Tg)—Int(A)).

Hence, 5(’7’1, Tg)-Int((S(Tl, 7'2)-11’1‘[(14)) = 5(7‘17 TQ)-Il’lt(A).
(5) : Let {A |y € I'} be a family of subsets of X. By Proposition 3.1.11 (2) and
Proposition 3.1.6 (3),

X — 5(7’1, Tg)-Int(UwerAv) = 5(7’1, Tg)-Cl(X — UFYGFA,Y)

= 0(m, 72)-Cl(Myer(X = 4,))
C Myer(0(71, 72)-CI(X = 4,))
= Nyer(X — 0(71, 72)-Int(A,))
=X — Uyer(0(m1, 72)-Int(A,)).
Therefore, Uyer (0(71, 72)-Int(A,)) € §(7, 72)-Int(U,cr A,).

(6) : (=) Let A beany (7, 72)-open set, so X — A is §(7y,72)-closed. By Proposition
3.1.11 (2), we have X — A = §(71,72)-Cl(X — A) = X — (71, 72)-Int(A). Therefore,
d(71, 7o)-Int(A) = A.

(<:) Let 6(7’1, T2>-Il'lt(A) = A. Then,
X-—A=X- 5(7‘1,’7’2)-11’11:(14) = 5(7‘1,7‘2)-(:1()( — A)

By Proposition 3.1.6 (7), X — A isa (71, 72)-closed set. Therefore, A is a §(7, 72)-open
set. [
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Remark. The converse of Proposition 3.1.12 (5) is not true. We can be seen from the

following example.

Example 3.1.13. Let X = {a, b, ¢} with topologies 7, = {0, {a}, {c}, {a,b},{a,c}, X}
and 7o = {0, {a}, {c}, {a,c}, X}. Now, consider the sets A = {a} and B = {b,c}. We
obtain that 0 (7, 73)-Int(A) = {a}, §(m1, 72)-Int(B) = {c} and § (7, 72)-Int(AU B) = X.
It can be seen that X ¢ {a,c} = §(m1, 72)-Int(A) U §(71, 72)-Int(B).

3.2 4(m, 12)-continuous functions

In this section, we introduce the concept of (7, 72)-continuous functions using
d(71, T9)-open sets. We also discuss several characterizations of d(7y, 72 )-continuous func-

tions.

Definition 3.2.1. Let (X, 71, 7) and (Y, 01, 02) be bitopological spaces. A function

[ (X,m,m) = (Y,01,09) is called 6(71,7o)-continuous at x € X if, for each oy09-
open set V of Y containing f(z), there exists a §(71, 72 )-open set U of X containing x such
that f(U) C V. A function f is said to be § (7, 72)-continuous if f is d (1, 72 )-continuous

at each point of X.

Example 3.2.2. Let X = {a,b,c} with topologies 71 = {0, {a},{b}, {a,b}, X} and
= {0,{a}, {b},{a,b},{a,c}, X}. Let Y ={1,2, 3} with topologies

o =10,{1},{3},{1,3},Y}and o, = {0, {1}, {3}, {1,2},{1,3},Y}. Define a function
[ (X,m,m) — (Y,01,02) as follow: f(a) = 2, f(b) = 3 and f(¢) = 2. Then f is

d (7, 2)-continuous.

Theorem 3.2.3. For a function f : (X, 7, o) = (Y, 01, 02), the following properties are

equivalent:
(1) fis o(r,2)-continuous at x.

(2) x € 6(Tym)-Int(f~1(V)) for every o;09-0open set V of Y containing f(z).
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(3) x € f7Y(0109-CI(f(A))) for every A C X such that z € §(7y, 72)-CI(A).
(4) x € f~Y(0,09-CI(B))) for every B C Y such that x € (7, 72)-Cl(f~1(B)).
(5) x € (i, 72)-Int(f~1(B)) for every B C Y such that v € f~!(0,09-Int(B)).
(6) = € f~1(F) for every o,09-closed set F of Y such that

x € §(71,70)-CI(f1(F)).

Proof. (1) = (2) : Let V be any 0,05-0open set of Y containing f(x). By (1), there exists
a (1, T2)-open set U of X containing z such that f(U) C V. Hence, x € U C f~1(V).
Therefore, x € §(7y, 72)-Int(f~1(V)).

(2)=(3): Let A C X suchthatx € d(my, 72)-CI(A) and V' be any o09-open set of Y
containing f(z). By (2), z € d(71, 72)-Int(f 7! (V). Then, there exists a §(7;, 72)-open set
U of X containing = such that U C f=(V). Since = € (71, 72)-Cl(A) and by Proposition
3.1.6(5),UNA # 0. Thus, § # f(UNA) C f(U)N f(A) C VN f(A). This implies that
VN f(A) # 0 for each 0y05-openset V containing f(z). Hence, f(z) € 0105-CI(f(A)).
Therefore, z € f~1(0102-CI(f(A))).

(3)=(4): Let BC Y andx € 6(71,72)-CI(f~*(B)). By (3), we have

z € [~ o102-CU(f(f7H(B)))) C [~ (0102-CI(B)).

(4)= (5): Let BC Y and x € f~!(0,00-Int(B)).
Suppose that © ¢ §(;, 7o)-Int(f~'(B)). Then z € X — (71, 79)-Int(f~1(B)). Since

Xo— 8 (7 73) I £=1(BY) = 6(71:72)-CUX — F<1(B))
= 0(m1.m)-Cl(f (Y = B))

and by (4), we obtainthat — z € f~(0,05-Cl(Y — B)) = f~ (Y — 0105-Int(B))

= X — [ (o109-Int(B)).
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Therefore, x ¢ f~!(0105-Int(B)), which is a contradiction that z € f~!(cy09-Int(B)).
Hence, x € 6(7y, 7o)-Int(f~1(B)).

(5) = (6) : Let F be any o,09=closed set of Y and x € 6(7y, 72)-CI(f~1(F)). Then
Y — Fis a 0y09-0open set in Y. Suppose that z & f~*(F), so

reX =Y F)=fY =F)=f1(01,09)-Int(Y — F)).
By (6) and Proposition 3.1.12 (3), we have

2 €6(m, m)-Int(f (Y = F)) = §(m1, 7)-Int(X — f1(F))
= X — 0(m1, 7)-CI(f~(F)).

Then, x ¢ 6(71,72)-CI(f~1(F)). This is a contradiction. Therefore, x € f~!(F).
(6) = (2) : Let V be any oy04-0open set of Y containing f(z). Then z € f~1(V).
Suppose that z & §(7, 72)-Int(f (V). By Proposition 3.1.12 (4), we obtain that

€ X —0(r, m)-Int(f~ (V) = (1, 7)-Cl(X — £ (V)
= 0(m, TQ)-Cl(f_l(Y - V).

Since Y — V is a g, 09-closed set. By (6), we have z € f~1(Y — V) = X — f~1(V). This
implies that z ¢ f~'(V'), which isa contradiction. Thus, x € §(7, 72)-Int(f~*(V)).

(2) = (1) : Let z € X and V be any o,05-open set of Y containing f(z). By (2),
we have z € (7, 72)-Int(f~*(V)). Then, there exists a (7, 72)-open set U such that
r €U C fXV). Thus, f(U) C V. Therefore, f is 6(7i, 72)-continuous at v € X. [
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Theorem 3.2.4. For a function f : (X, 7, 72) — (Y, 01, 02), the following properties are

equivalent:
(1) fis d(7,m2)-continuous.
(2) f71(V)is (71, T9)-open in X for every oj05-openset V of Y.
(3) f(0(ry,m)-Cl(A)) C g109-CI(f(A)) for every A C X.
4) 0(r1,72)-CI(f~%(B)) C f*(0102-CI(B)) for every B C Y.
(3) fYoro9-Int(B)) C 6(71, 7o)-Int(f~(B)) for every B C Y.
(6) f7Y(F)is (1, 2)-closed in X for every oy09-closed set F of Y.

Proof. (1) = (2) : Let V be any oyd9-open of Y and x € f~!(V). By (1), there exists
a 0(7y, 72)-open set U of X containing x such that f(U) C V. Thus, z € U C f~}(V)
and hence x € §(71, 72)-Int(f~*(V)). This implies that f~1 (V) C &(7y, 72)-Int(f (V).
Therefore, f~1(V/) is §(1, 72)-open in X.

(2)=3):Let A C X andz € §(71,72)-Cl(A). Then f(z) € f(d(71,72)-CI(A)). Let
V be any o,09-open set of Y containing f(x). By (2), we have f=1(V/) is §(7y, 72 )-open,
and hence z € f=1(V) = 6(7, 2)-Int(f=1(V/)). Then, there exists a (7, 72)-open set U
of X containing z such that U C f~'(V/). Since z € §(11,7)-Cl(A), then U N A # ().
Hence, ) # f(UNA) C f(U)n f(A) CV N f(A). This implies that, V N f(A) # (0 for
each oy0,-open set V of Y containing f(x). Then, f(z) € 0105-CI(f(A)). Consequently,
LEEI)-CIA) Canga-CIF (AN

(3) = (4): Let B C Y. By (3), we have that

F(0(r1, 72)-CU(f=(B))) € 0102-CI(f (f~(B)))
C g,09-CI(B).

Therefore, (5(7’1, Tg)-Cl(f_l(B)) c f_l(O'lUQ-Cl(B)).
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(4) = (5): Let B C Y. By (4) and Proposition 3.1.12 (4), we obtain that

X — 6(r, m2)-Int(fH(B)) = 0(m1, )-ClI(X — fH(B))
=0(r,m)-Cl(f (Y — B))
C fHooCl(Y = B))
= 7YY — 0105-Int(B))
= X — fYo,05-Int(B)).

Hence, f~!(o109-Int(B)) C (11, 72)-Int(f1(B)).
(5) = (6) : Let F' be any 0,05-closed set of Y. Then, Y — F is 0109-0open in Y. By
(5) and Proposition 3.1.12 (3), we obtain that

X—f(F)=f'(Y-F)
— [ Noop-Int(Y — F))
C 0(ry, 72)-Int(fL(Y — F))
= S )X — (f1(F))
= X — §(r1, 72)-ClfL(F)).

Therefore, § (1, 72)-C1(f~1(F)) C f~Y(F). This implies that fT!(F) is §(7,, 72)-closed
in X.

(6) = (2) : Let V be any oy03-open set of Y. Then, Y — V is g,05-closed in Y.
By (6), we have X — [=1(V) = f~Y(Y — V) is §(7, 7o)-closed in X. Thus, f~1(V) is
d(71, T2)-open.

(2) = (1) : Letz € X and V' be any 0;05-open set-of Y containing f(z). By (2),
we obtain fY(V) is §(7y, 72)-open. Hence, @ € f=H(V) = §(7,m)=Int(f*(V)). Then,
there exists a d(7;, 7o)-openset U such that z € U C f=}(V). Therefore, f(U) C V.

Thus, f is 0(71, Te)-continuous at . This shows that f is (71, 72)-continuous. O
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3.3 Almost 6(7, 72)-continuous functions

In this section, we introduce the of almost (7, 72)-continuous functions and
investigate some characteriz mo ntinuous functions. Moreover,

the relationships bet
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Definition 3.3.1. Let (X, 7, 72) and (Y, 01, 02) be bitopological spaces. A function
f o (X,m,m) — (Y,01,02) is said to be almost §(7i, 2)-continuous at x € X if, for
each oy05-open set V' of Y containing f(«), there exists a §(7y, 72)-open set U of X con-
taining = such that f(U) C o10y-Int(c;09-C1(V)). A function f is called almost 6(11, 72)-

continuous if f is-almost §(7, 75)-continuous at each point of X.

Remark. For a function f : (X, 7, 2) — (Y, 01, 02), the following implication holds:
d(71, 72)-continuous = almost (7, 72)-continuous.

The converse of the implication is not true in general. We give an example for the

implication as follows.

Example 3.3.2. Let X = {1,2, 3,4} with topologies i, = {0, {1}, {2},{1,2}, X} and
mn =1{0,{1},{2},{3},{1,2},{1,3},{2,3},{1,2,3}, X}. LetY = {a, b, ¢} with topolo-
gies 01 = {0, {a}, {b},{a,b},Y} and 0o = {0, {a}, {b},{a, b}, {a,c}, Y}. A function
f (X, 7m,7) = (Y,01,09) is defined as follow: f(1) = a, f(2) = band f(3) = c and

f(4) = c. Then f is almost J(7y, 75 )-continuous, but f is not 6(7, 73 )-continuous.

Theorem 3.3.3. For a function f : (X, 7, ) — (Y, 01, 02), the following properties are

equivalent:
(1) f is almost 6 (7, 72)-continuous at .

(2) x €6(ry, 72)-Int(f~(o102-Int(e102-CL(V)))) for every o,09-0pen set V contain-

ing f(z).
(3) € 6(71, 72)-Int(f 1 (V)) for every (o, 03)r-open set V' containing f(x).

(4) For each x € X and each (o4, 05)r-open set V' of ¥ containing f(x), there exists a

d(71, m2)-open set U of X containing x such that f(U) C V.

Proof. (1) = (2) : Let V be any oj09-0open set of Y containing f(x). Since f is almost

d(71, T2)-continuous at x € X. Then, there exists a d(7;, 72)-open set U of X containing
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 such that f(U) C o,05-Int(0105-C1(V)). Thus, x € U C f~(o,02-Int(0105-C1(V))).
Therefore, x € §(7y, 72)-Int(f 1 (o105-Int(0,05-C1(V))).

(2) = (3) : Let V be any (04, 09)r-open set of Y containing f(x). By (2), we obtain
that x € §(71, 7)-Int( f = (o109-Int(105-C1(V))))) = 8(71; 72)-Int(f~1 (V). Therefore,

r € §(m, )-Int(fH(V)).

(3) = (4) : Let V be any (0y, 05)r-open set of Y containing f(z). By (3), we have
x € 0(71, 72)-Int(f71(V)). Then, there exists a §(7;, 72 )-open set U of X such that

relUCf V).

Thus, f(U) C V.

(4) = (1) : Let x € X and V be any o,09-open set of Y containing f(z). Since
o105-Int(0109-CI(V)) is a (01, 02)r-open set and by (4), there exists a §(7q, 72)-open set
U of X containing z such that f(U) C oy09-Int(c,05-C1(V')). Consequently, f is almost

(7, 2)-continuous at . O

Theorem 3.3.4. For a function f : (X, 7, m) — (Y, 01, 02), the following properties are

equivalent:
(1) f is almost 6(7, 72)-continuous.

) fYV) C 6(71, 7o)-Int(f~H(o109-Int(0,09=C1(V)))) for every o10-0pen set V'
of Y.

(3) 3(71,72)-Cl(f~Ho102-Cl(a109-Int( F)))) C f~1(F) for every oyos-closed set F
of Y.

@) 0(71, 72)-Cl(f~H0102-Cl(0102-Int(0109-CL(B))))) C [ (o102-CI(B)) for every
BCY.

(5) f_1<0'10'2-11’lt( )) - (5(7'1,’7'2) Int(f (0'1O'Q-Int(O'lUg-Cl(O'lO'Q-Il'lt(B>))))
forevery BCY.
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(6) f71(V)is §(1, 72)-openin X for every (o, 09)r-open set V of Y.
(7) f7YF)is §(1, m2)-closed in X for every (o1, 05)r-closed set F of Y.

Proof. (1) = (2) : Let V be any gy0s-open setof Y andax € f~1(V). Since f is almost
(71, 2)-continuous at z € X, there exists a d(7y, 72 )-open set U of X containing = such
that f(U) C oy09-Int(5102-C1(V')). Then z € U C f~'(o109-Int(o105-C1(V))), and
hence = € §(71, 79)-Int(f 1 (01 09-Int(0105-C1(V')))). This implies that

f_l (V) Q 6(7'1, TQ)-IIlt(f_l (0’10’2-1Ht(0‘10’2-C1(V)))).

(2) = (3) : Let F' be any 0,05-closed set of Y. Then, Y — F'is g,05-open. By (2),

C 0(71, 7)-Int( 7} (o109-Int(0105-CI(Y = F))))
= 5(7’1, TQ)-Int(fgl(Y — Ule-Cl(UlUg-Int(F))))
=X — (5(7’1, TQ)'C](fﬁl(UlUg-Cl(Ulag-Int(F)))).
Therefore, 6(71, 72)-Cl(f ~(0109-Cl(c105-Int(F)))) C f~H(F).
(3) = (4): Let B C Y. Then 0,05-Cl(B) is 0104-closed in Y. By (3), we have
§(71,79)-Cl(f ! (0102-Cl(a109-Int(0105-C1(B))))) C f7*(a102-C1(B)).
(4)=(5): Let BCY. By (4), we have
fﬁl(Ulgg-Int(B)) =X — fﬁl(O'lO'z-Cl(Y — B))
Q X = 5(7’1, TQ)-Cl(f_l(0'10'2-C1(0'10'Q-Il'lt(O'lO'Q-Cl(Y - B)))))
= 5(7’1, TQ)-Int<f_1(0’10'2-11’1‘[(0'102-C1(0'10'2-Il'lt(B))))).
Therefore, f_l(O'lUg-Int(B)) g (5(7'1, Tg)-Int(f_l(alag-lnt(al02-C1(0102-Int(B))))).

(5) = (6) : Let V/ be any (o4, 02)r-open set of Y. Then V is a oy05-open set in Y and
V = 0109-Int(0102-Cl(0102-Int(V))). By (5), we obtain that

V) = fHo109-Int(V))
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- 5(7'1, TQ)-Int(f_l (010'Q-Int(Ol0'2-C1<0'1(72-Int(V))))
= 6(r1, 72)-Int(f (V).
Since 0(71, 72)-Int(f~1(V)) € f-YV). Hence §(1, 72)-Int(f~1(V)) = f~1(V). This
implies that f~' (V) is 6(71, 72)-open in X.
(6) = (7) : Let F' be any (01, 02)r-closed set of Y. Then X — F is a (0y, 02)r-open
setin Y and by (6), we obtain that

X—fHF) =fY~-F)
= (1, m0)-Int(f~H(Y — F))
=X — §(m1, 7)-Cl(fH(F)).
Thus, §(71, 75)-C1(f "' (F)) = f~*(F). Hence, f~(F) is (1, 73)-closed in X.

(7) = (1): Let z € X and V be any (o1, 05)r-open set of Y containing f(x). Then
Y — Vis (01,09)r-closed in Y. By (7), we have

X— (V)= ~-V)
== (5(7’17 7'2>-C1(f_1(y - V))
= X — 6(7, 7o)-Int(f~H(V)).
Thus, z € f~'(V) = §(m1, 7)-Int(f~1(V)). Then, there exists a §(7;, 72)-open set U
of X containing x such that U € f=%(V). Hence f(U) C V. By Theorem 3.3.3 (4),

we obtain that f is almost (7, 72)-continuous at z. Consequently, f is almost 0(7, 72)-

continuous. O]

Theorem 3.3.5. For a function f : (X, 71, o) = (Y, 01, 03), the following properties are

equivalent:
(1) fisalmost 0(7, 72)-continuous.
(2) 0(r1,m2)-CI(f~H(V)) C f Yoro2-C1(V)) for every (o1, 02)3-open set V of Y.

(3) 6(71, 7)-CI(f~1(V)) C f~Ho109-CI(V)) for every (o1, 09)s-open set V of Y.
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@) f~YV) C §(ri, m2)-Int(f(o109-Int(0109-C1(V)))) for every (o1, 02)p-open set
VofY.

Proof. (1) = (2): Let V be any (o1, 03)5-open set of Y.
Then V' - 0102—C1(0102—Int(0102—C1(V))), and hence

0'10'2-C1<V) - 0'10'2-C1<O'10'Q-Cl(O'lO'Q-Il'lt(O'lO'Q-Cl(V))))

:O'10'2-C1(O'10'2-Int<0'10'Q-CI(V))) - O'10'2-C1(V).

Therefore, 0109-Cl(V') is a (01, 0y)r-closed set in Y. By Theorem 3.3.4 (7), we obtain
that f~!(0109-C1(V)) is 6(7, 72)-closed. Hence,

(5(7’1, TQ)—Cl(f_l(V>) Q (5(’7’1, TQ)—Cl(f_l(O'lO'Q—Cl(V)))
= f_l(alag-Cl(V)).

(2) = (3) : The proof is obvious since every (o1, 05)s-open set is (o1, 02)3-open.
(3) = (1): Let F' be any (0, o5)r-closed set of Y. Then F'is (07, 05)s-open in Y. By
(3), we have that

8(71, 72)-CI(f~(F)) C f~(0102-CI(F))
= (F)
Q 5(71,72)-C1(f_1(F)).

Hence, f~(F) is (71, 72)-closed in X. By Theorem 3.3.4 (7), f is almost §(7y, 72)-
continuous.

(1) = (4) : Let V be any (g;, 09)p-open set of Y. Then V' C gy09-Int(o,02-C1(V))
and o,09-Int(c,05-C1(V")) is (01, 02)r-open in Y. By Theorem 3.3.4 (6), we obtain that
I~ Yo102-Int(ay05-C1(V))) is 6(71, 72 )-open in X . Then,

f_l (010'2-Il’lt(0'10'2-C1(V))) = (5(7’1, 72)-Int(f_1 (0'10'2-Int(010'2-C1(V)))).

Thus, f7H(V) C fH(o109-Int(0109-C1(V)))



35

O



CHAPTER 4

ON WEAKLY 4(71, 79)-CONTINUOUS FUNCTIONS

The concepts of weakly 0 (71, 72)-continuous functions are presented and examined in
this chapter. The following is how this chapter is organized: Weakly J (7, 72 )-continuous
functions are defined in Section 4.1, and Section 4.2 provides some characterizations of
these functions. Additionally, correlations between almost (7, 72 )-continuous functions,

weakly d(7, 79)-continuous functions, and (7, 72 )-continuous functions are studied.

4.1 Weakly (7, 72)-continuous functions

In this section, we introduce the concept of weakly (7, 72 )-continuous functions us-
ing 0(7y, 72)-open sets and investigate some characteristics of weakly 6 (7, 72 )-continuous
functions. Moreover, we discuss the relationships between almost (7, 75 )-continuous

functions and weakly J(71, 72)-continuous functions.

Definition 4.1.1. Let (X, 71, 7) and (Y, 01, 09) be bitopological spaces. A function

f (X, 11, 12) — (Y, 01, 09) is said to be weakly 0 (14, 72)-continuous at z € X if, for each
o109-open set V of Y containing f(x), there exists a § (7, 75 )-open set U of X containing
x such that f(U) C 0,09-Cl(V). A function f is called weakly o(7y, 72)-continuous if f

is weakly d(7q, 72)-continuous at each point of X.
Remark. For a function f : (X, 71,7) — (Y, 01,09), the following implication holds:
almost (7, 7»)-continuous = weakly §(7y,7)-continuous.

The converse of the implication is not true in-general. We give an example for the

implication as follows.

Example 4.1.2. Let X = {a, b, c} with topologies 7, = {0, {a}, {0}, {a,b},{a,c}, X}
and 7, = {0, {a}, {b}, {a,b}, X}. Let Y = {1, 2, 3} with topologies

36
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o1 ={0,{1},{3},{1,3}, Y} and op = {0, {1}, {3}, {1,2},{1,3}, Y'}. A function

f(X,m,m) = (Y,01,09) is defined as follow: f(a) = f(b) = 2 and f(c¢) = 1. Then

f is weakly 0 (71, 72)-continuous, but f is not almost (7, 72 )-continuous.

Theorem 4.1.3. A function f : (X, 7,7) — (Y, 04,09) is weakly (7, 72)-continuous

atz € X ifand only if # € §(7y, 72)-Int(f~ ! (0102-C1(V))) for every o;09-0pen set V' of

Y containing f(z).

Proof. (=) : Letx € X and V be any o109-open set of Y containing f(z). Since f is

weakly (71, 79)-continuous at z, so there exists a d(7y, 72)-open set U of X containing «

such that f(U) C 0,05-CI(V'). Therefore, x € U C f~!(0109-CI(V)). This implies that

x € 0(71, 2)-Int(f ! (0102-C1(V))).

(<) : Let V be any o,09-open of Y containing f(z). By assumption, we obtain that

x € 6(r1, mo)-Int(f 1 (0102-C1(V))).

Then, there exists a §(7q, 72)-open set U of X containing x such that

U C fY(0109-Cl(V)). Hence, f(U) C 0105-CI(V'). Therefore, f is weakly 6(7y, 72)-

continuous at . ]

Theorem 4.1.4. A function f : (X, 7, 72) — (Y, 01,02) is weakly d(7q, 72)-continuous

if and only if f~1(V) C 6(7y, 72)-Int(f~!(0102-CI(V))) for every o10,-open set V of Y.

Proof. (=) : Let V be any o,0,-open set of ¥ and z € f~(V). Then, f(z) € V. Since

f is weakly d(71, 72)-continuous at = € X. By Theorem 4.1.3,

z € §(11, 7)-Int(f=(0102-CL(V))).

Therefore, (V) C 6(7y, 72)-Int(f ! (0105-CI(V))).
(<): Letz € X and V be any o109-open set of ¥ containing f(z). By assumption,
we have

x € f_l(V) Q 5(7’1,Tg)-Int(f_l(UlUg-Cl(V))).

By Theorem 4.1.3, f is weakly 0(71,72)-continuous at z € X. This shows that f is weakly

(7, T2)-continuous. O



38

4.2 Characterizations of weakly 6(7;, 75)-continuous functions

We investigate several characterizations of weakly J(7y, 75 )-continuous functions in

this section.

Theorem 4.2.1. For a function f : (X, 7, 72) — (Y, 01, 032), the following properties are

equivalent:
(1) f is weakly 6(r1, 75)-continuous
Q) f~YV) € 8(r1, 7)-Int(f 1 (0109-CI(V'))) for every oy-open set V of Y.
(3) (71, 72)-Cl(f~ (o105-Int(F))) € f~1(F) for every oyos-closed F of Y.
(4) (11, 7)-Cl(f~ (0102-Int(0109-CI(B)))) C = (0105-CI(B)) for every B C Y.
(5) f~Y(or09-Int(B)) C 8(r1, 75)-Int( 1 (010-Cl (0, 0-Int(B)))) for every B C Y.
(6) 8(m1,m)-CI(f~1(V)) C f~Y(0165-CL(V/)) for every ,c5-0pen set V of V.
(7) 8(r1, 72)-Cl(f~Y(10o-Int(F))) C f~1(F) forevery (o1, ag)r-closed set F of Y.

(8) (71, 12)-Cl(f~(o102-Int(0109-CL(V)))) C f~(0102-C1(V)) for every
(01,09)5-0pen set V of Y.

(9) (5(7'1,7'2) Cl(f (0'10'2 Int(0102 Cl( )))) g ffl(alag-Cl(V)) for cvery
(01,09)s-open set V of Y.

(10) (5(’7’1,7’2) Cl(f (UlUg-IHt(Ulo'Q Cl( )))) Q f_1<0'10'2-C1(V)) for every
(g1,09)p-open set V of Y.

(11) 6(71, 72)-Cl(fHV)) C f (0109-CI(V)) for every (o1, 79)p-open set V of V.

(12) f7YV) C 6(m, m)-Int(f~ (o109-C1(V))) for every (o7, 02)p-open set V of Y.
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Proof. (1) = (2) : Let V be any o,03-open set of Y. It follows from Theorem 4.1.4, we
obtain that f~*(V) C §(7y, 72)-Int(f 1 (a102-C1(V))).
(2) = (3) : Let F' be any o,09-closed set of Y. Then Y — F'is 0y09-0open in Y. By

(2), we have

X=fYF)=f(Y=-F)
C 0(1, 7)-Int(f~(0105-CI(Y = F)))
= 6(7y, 72)-Int(f~ l( — o105-Int(F)))
= 6(71, 72)-Int(X — f~(o100-Int(F)))

- X — 5(7177-2)_C](f*1(0102-lnt(F)))

Therefore, 6(71, 72)-C1(f~ (o109-Int(F))) € f~1(F).
(3)=(4): Let B C Y. Since 0,02-Cl(B) is g109-closed in Y and by (3),

5(7’1,7'2)-C1(f71(OlUg-Int(Ulgg-Cl(B)))) g f71(0'10'2-C1(_8>>‘
(4)=(5): Let B C Y. By (4), we obtain that

fH(a109-Int(B)) = X — fY(0105-CI(Y — B))
C X =6(71,72)-Cl(fH(0109-Int(109-CI(Y — B))))
= 6(71, 7o)-Int(X — f ' (0109-Int(0109-CI(Y — B))))
= §(71, 72)-Int(f 7 (0109-Cl(0102-Int(B)))).

Thus, [~ (109-Int(B)) C 6(71, 7)-Int(f ' (0,09-Cl(a10o-Int(B)))).

(5) = (6) : Let V be any o 0,-open set of Y and x & [~ (a102-Cl(V)).
Then f(x) ¢ 0102-Cl(V). There exists a oy05-open set U of Y containing f(x) such that
U NV = (). Hence, 0,0,-Cl(U) NV = (. By (5),

xr e f_l(U) = f_l(alag-lnt(U))
Q (5(’7'1, Tg)-IIlt(f_l(0'10'2-C1(O'10'2-Il’1t(U))))
= §(7, 7o)-Int( £~ (0102-CL(V))).
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Then, there exists a (7, 72 )-open set G of X suchthatz € G C f~1(0105-C1(U)). Thus,

ffvyna

N

YV) N fHo109-CI(U))

e
f (VN oioe-CL(U))
0.

Hence, x ¢ 6(71,72)-CI(f~1(V)). Therefore, 6(71, 72)-CI(f~1(V)) C f~1(0109-CL(V)).
(6) = (7) : Let F be any (o, 02)r-closed set of Y. Then o,05-Int(F') is 109-0pen in
Y. By (6),

§(1, 72)-Cl(f(o1002-Int(F))) € f Ho102-Cl(o100-Int(F))) = f1(F).

(7) = (8) : Let V be any (0, 02)3-open set of Y.
Then V' C 0109-Cl(0y09-Int(c102-C1(V'))), and hence

0'10'2-C1(V) Q 0'1O'Q-CI(O'lO'Q-Cl(O'lO'Q-Int(O'lo'g-Cl(V))))
= 0102'C1(0102'Int(01UQ'CI(V)))
Q UlUg-Cl(V).

Thus, 0109-CI(V)) is (01, 09)r=closed. By (7),
5(7’1,TQ)-Cl(f_l(Ulag-lnt(glag-CI(V)))) g f_l(alag-Cl(V)).

(8) = (9) : The proof is obvious since every (o, g3)s-open set is (o, 02) 3-open.

(9) = (10) : Let V be (01,02)p-open of Y. Then V C oyo9-Int(c;0,-CI(V)),
and hence ¢,05-Cl(V) C ' 0y09-Cl(ay09-Int(cy02-CI(V'))).  Therefore, oy05-Cl(V) is
(01,02)s-open in Y. By (9),

§(71, 72)-CI(f~ (o1a2-Int(0109-C1(V))))
= 0(71,72)-Cl(f7(0109-Int(0109-Cl(0105-C1(V)))))
C fYo105-Cl(a12-Cl(V)))
= Y o105-C1(V)).
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(10) = (11) : Let V be any (o4, 02)p-open set of Y. By (10),
5(71, Tg)—CI(f_l(V)) g 5(7’17T2>-C1(f_1(UlGQ-IHt(O'lo'Q-Cl(V)))) g f_1<0'10'2—C1(V)).
(11) = (12) : Let V be any (o4, 02)p-open set of Y. By (11),

f7HV) C [ (o109-Int(0105-CI(V)))
=X — fH0105-Cl(Y — 7105-C1(V)))
C X — 6(r1,m)-Cl(f 1 (Y — 0105-CL(V)))
= §(71, 7o)-Int(f~(0,05-CL(V))).

(12) = (1) : Let V be any oy04-open set of Y. Then V' is (01, 02)p-open in Y. By
(12), f~4V) € §(r1, 72)-Int(f ' (5109-C1(V))). It follows from Theorem 4.1.4 that f is

weakly 6(7q, T9)-continuous. H



CHAPTER 5

CONCLUSIONS

5.1 Conclusions

The purposes of this thesis are to present the concepts of (7, 72)-continuous func-
tions, almost d(71, 72)-continuous functions, and weakly d(7;, 72 )-continuous functions.
Furthermore, we obtain several characterizations of these functions. The results are as
follows:

1. Let (X, 71, 7) and (Y, 01, 02) be bitopological spaces.

A function [ : (X, 7, 72) — (Y,01,09) is called (7, 72)-continuous at x € X if
for each oy05-open set V' of Y containing f(x), there exists a d(7y, 72)-open set U of X
containing x such that f(U) C V. A function f is said to be (7, 7)-continuous if f is
(7, T2)-continuous at each point of X.

From the above definition, the following theorem are derived:

1.1 For a function f : (X, 7, 75) — (Y, 01, 02), the following properties are equiva-

lent:
(1) fis d(r, m2)-continuous at .
(2) © € §(ry72)-Int(f~1(V)) for every o10,-open set V of Y containing f(x).
(3) z € f1(0109-ClI(f(A))) for every A C X such that x € §(7q,72)-CI(A).
(4) » € f'(010,-CI(B))) for every B C Y such that x € (71, 72)-Cl(f ' (B)).
(5) @ € §(11, 72)-Int(f~1(B)) forevery B C Y such that x &€ f~1(oy0,-Int(B)).
(6) » € f7L(F) forevery o,04-closed set F'of Y such that

x €6(y,7)-Cl(f1(F)).
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1.2 For a function f : (X, 7, 2) — (Y, 01, 02), the following properties are equiva-

lent:
(1) fis (7, m2)-continuous.
(2) f~1(V)is é(q,m)-open in X for every oy09-openset V of Y.
(3) f(8(71,72)-Cl(A)) C 0109-CI(f(A)) for every A C X.
4) 6(m1,72)-Cl(f~Y(B)) C fYo102-CI(B)) forevery BC Y.
(5) fYoroo-Int(B)) C 6(7y, 7)-Int(f~(B)) forevery B C Y.
(6) fUE)is &(y, mo)-closed in X for every o09-closed set F of Y.

2. Let (X, 71, 7) and (Y, 01, 02) be bitopological spaces.

A function [ : (X, 7,72) — (Y,01,02) is said to be almost d(11, 72)-continuous at
x € X if for each oy09-open set V' of Y containing f(z), there exists a (7, 72)-open
set U of X containing x such that f(U) C oy0,-Int(c,05-C1(V')). A function f is called
almost 6 (71, T)-continuous if f is-almost (7, 79)-continuous at each point of X.

From the above definition, the following theorem are derived:

2.1 Fora function f : (X, 7y, 72) — (Y, 01, 02), the following properties are equiva-

lent:

(1) f is almost 6(7, 72)-continuous at .

(2) x € (71, 72)-Int( f~=! (oy09-Int(c109-C1(V)))) for every a;09-open set V' con-
taining f(z).

(3) z € 6(71, 72)-Int(f~1(V)) for every (a1, 03)r-0pen set V containing f(z).

(4) Foreach x € X and each (o1, 02)r-open set V' of Y containing f(x), there

exists a (7, 72)-open set U of X containing z such that f(U) C V.

2.2 Fora function f : (X, 7, ) — (Y, 01, 02), the following properties are equiva-

lent:
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(1) f is almost 6(7, 72)-continuous.

(2) f7HV) C §(r, 72)-Int(f L (e109-Int(0105-C1(V)))) for every o,05-0pen set
VofY.

(3) (71, 1)-Cl(f~(0102-Cl(c109-Int(F)))) C f=1(F) for every oy09-closed set
FofY.

(4) 6(71,72)-Cl(f~(0102-Cl(c109-Int(0109-C1(B))))) € f~(0102-CI(B)) for
every B CY.

(5) f‘1(0102-lnt(B)) - 5(7‘1,TQ)-Int(f’l(0102-Int(0102-Cl(01ag-Int(B)))))
forevery B CY.

(6) f7YV)is §(my, 2)-open in X for every (oy, 05)r-openset V of Y.
(7) fTHF)is &(ry, 72)-closed in X for every (o1, 09)r-closed set ' of Y.

2.3 Fora function f : (X, 7, m) — (Y, 01,02), the following properties are equiva-

lent:
(1) f is almost d(1y, T9)-continuous.

(2) 8(m1,7)-Cl(f~H(V)) C f=Ya102-C1(V)) for every (o, 02)3-0pen set V
of Y.

(3) (71, 72)-CI(f=L(V)) C [~ Ho102-CI(V)) for every (o1, 03)s-0open set V
of V.

@) f-Y(V) C 6(r, m)-Int(f ' (0109-Int(0,09=C1(V)))) for every (o1, 02 )p-open
set VofY.

3. Let (X, 71, 7») and (Y, 01, 02) be bitopological spaces.
A function f : (X, 7, 7)) — (Y, 01,0) is said to be weakly 6(y, 72)-continuous at

x € X if for each oy09-open set V' of Y containing f(z), there exists a (7, 72)-open
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set U of X containing « such that f(U) C 0,09-Cl(V'). A function f is called weakly
d(71, T9)-continuous if f is weakly 0(7, 79)-continuous at each point of X.

From the above definition, the following theorem are derived:

3.1 Afunction f : (X, 7, 7o) — (Y, 01, 02) is weakly 6(7y, 72)-continuous at z € X if
and only if z € §(71, To)<Int(f~1(0109-C1(V))) for every ayo2-0pen set V of Y containing
f(@).

3.2 A function f : (X, 7,7) — (Y, 01,09) is weakly (7, 72)-continuous if and
only if f~H(V) C (11, 72)-Int(f 1 (0102-Cl(V))) for every oy09-0pen set V of Y.

3.3 Forafunction [ : (X, 71, 72) = (Y, 01, 02), the following properties are equiva-

lent:
(1) f is weakly &(y, 72)-continuous.
(2) fTUV) C 6(71, 72)-Int(f7 1 (0109-C1(V))) for every ,09-0pen set V of V.
(3) 0(m1, 2)-Cl(fH(o102-Int(F))) C f~1(F) for every g109-closed F of Y.

4) 6(71, 72)-Cl(f~(or09-Int(c105-CI(B)))) C f~1(0,09-Cl(B)) for every
BCY.

(5) fH(o109-Int(B)) C  8(m,7)-Int(f ' (0109-Cl(0109-Int(B)))) for every
BCY.

(6) §(71,72)-CL(f7H(V)) C f7!(0102-CI(V)) for every oyo9-0open set V of Y.

(7) (11, 72)-CL(f~(oroo-Int(F))) C f-1(F) for every (o,, ga)r-closed set F’
of Y.

(8) (5(’7’1,7’2) Cl(f (0'10'2-Int(0'10'2 Cl( )))) g f_l(O'lO'Q-Cl(V)) for cvery
(o1,02)0-open set V of Y.

(9) (5(7’1,7’2) Cl(f (0102-Int(0102-C1( )))) C f_l(O'lO'g-Cl(V>) for cevery
(01,09)s-openset V of Y.
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(10) §(7y, 72)-Cl(f~Y(o102-Int(0109-CL(V)))) C f~(0102-C1(V)) for every
(01,09)p-open set V of Y.

(11) §(my,72)-CI(f! or every (07, 09)p-open set V

o9)p-open set V/
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3.4 Fora function f : (X, 7, 7) — (Y, 01,02), from the definitions defined above,

the following implication holds:

(71, T2)-continuity

4

almost §(71, 72)-continuity

4

weak 0(7, 72)-continuity.

The converse of the implications are not true in general.

5.2 Recommendations

To this end, although we have presented several characterizations in this research,
there is another definition of continuity that is defined by using d(7y, 72 )-open sets inter-
ests us for further investigation. Furthermore, the relationships among these continuous

functions will be elucidated in subsequent studies.






REFERENCES

[1] Adams C. and Franzosa R. Introduction to topology pure and applied. Pearson Edu-
cation Prentice Hall, 2008.

[2] Baker C. W. On super continuous functions. Bulletin of the Korean Mathematical

Society, 1985; 22(1):17-22.
[3] Boonpok C. (71, 72)d-semicontinuous multifunctions. Heliyon, 2020; 6:¢05367.

[4] Boonpok C., Viriyapong C. and Thongmoon M. On upper and lower (11, Ts)-
precontinuous multifunctions. Journal of Mathematics and Computer Science, 2018;

18(3):282-293.
[5] Davis S. W. Topology. McGraw-Hill, 2005.

[6] Husain T. Almost-continuous mappings. Commentationes Mathematicae, 1966;

10(1):1-7.

[7] Kelly J. C. Bitopological spaces. Proceeding of the London Mathematical Society,
1963; 13(3):71-89.

[8] Latif R. M. Delta-open sets and delta-continuous functions. International Journal of

Pure Mathematics, 2021; 8:1-23.

[9] Levine N. A decomposition of continuity in topological space. The American Math-

ematical Monthly, 1961; 68:44-46.

[10] Noiri T. On d-continuous functions. Journal of the Korean Mathematical Society,

1980; 16(2):161-166.

[11] Rose D. A. Weak continuity and almost continuity. International Journal of Mathe-

matics and Mathematical Sciences, 1984; 7(2):311-318.

49



50

[12] Singal M. K. and Singal A. R. Almost-continuous mappings. Yokohama Mathemat-
ical Journal, 1968; 16:63-73.







Name

Date of brith

Place of birth

Institution attended
2004
2008
2024

Position and Work Place

Contact address

Resarch grants & awards

Research output

BIOGRAPHY

Miss Chatchadaporn Prachanpol
November 2, 1985
Roi-Et Province, Thailand

High School in Satrisuksa School, Roi-Et, Thailand
Bachelor of Science in Mathematics, Khon Kean
University, Thailand

Master of Science in Mathematics Education,

Mahasarakham University, Thailand

Teacher
Selaphum Pittayakom School, Khwan Mueang
sub-district, Selaphum district, Roi-Et province

45120, Thailand

4 Tewapiban Soi 13, Nai Mueang sub-district,
Mueang district, Roi-Et province 45000, Thailand

prachanpol.ch@gmail.com

Research Support Scholarship, Mahasarakham
University Academic 2024

Prachanpol C., Boonpok C. and Viriyapong C.

d(71, T2 )-continuous functions. European Journal of
Pure and Applied Mathematics, 2024; 17(4): 3730 —
3742.

52



