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CHAPTER 1

INTRODUCTION

1.1 Background and Motivation

A cornerstone of universal algebra is a fundamental theorem by G.
Birkhoff [4], which states that a class of similar algebras is a variety meaning it
can be defined by a set of equations if and only if it is closed under the formation
of homomorphic images (H), subalgebras (S), and direct products (P). From the
proof of Birkhoff’s theorem, it follows that the smallest variety containing a class
of algebras /C, denoted V (K), coincides with the class HSP(K). This profound
connection between equational logic and algebraic closure operators forms the
foundation of the field.

The primary objects of study in universal algebra are algebraic structures,
or algebras for short. Traditionally, an algebra A is defined as a pair (A, F), where
A is a non-empty set called the universe, and F is a set of finitary operations on A.
This classical definition, established in the 1930s, is broad enough to encompass
most familiar mathematical structures while remaining amenable to systematic
study. Within this framework, two of the mostimportant invariants of any algebra
are its lattice of subalgebras and its lattice of congruences [11].

Formally, a classical algebra of type 7 = (n;);cz is a structure
A = (A; (f#")iez), where for each indexi € Z, f{ is an n;-ary operation on A.
The sequence of arities 7 determines the type of the algebra, and Alg(7) denotes
the class of all algebras of that type [11]. Building upon this structure, concepts
such as subalgebras, congruence relations, and homomorphisms are defined. For
instance, a congruence is an equivalence relation that is compatible with all
operations, and the set of all congruences on an algebra forms a complete lattice
[Bl.

In recent decades, mathematicians have extended these classical
structures. Arworn [18] and Denecke [11] introduced concepts like groupoids of
hypersubstitutions and G-solid varieties, while Leeratanavalee [12] investigated
these ideas in the context of groupoid structures. These advancements highlight
a continuous effort to generalize the foundational concepts of universal algebra to
new and more abstract settings. The study of homomorphisms and
isomorphisms remains central to understanding the relationships between these
generalized structures [4, 5, 7, 11, 14].

This research continues in that spirit of generalization. We propose a new



structure, the generalized sigma algebra, which extends the classical notion of an
algebra by allowing operations to have arbitrary index sets as their arities, rather
than being restricted to natural numbers. We define an operation fg‘j as a map
from A¥i to A, where ¥, is an arbitrary non-empty index set and A*/ is the set of
all functions from >J; to A. An algebra of this new type is a pair Ay, := (4; ( fg‘j )jeq),
where (2 is an index set for the operations. The type of this algebra is the sequence
of cardinalities of these index sets, 7 := (|X;]);ecq. This framework allows for the
study of operations of potentially uncountable arity, moving beyond the tradi-
tional finitary constraint.

The primary goal of this thesis is to systematically develop the founda-
tional theory for these generalized sigma algebras. We will extend the classical
definitions of subalgebras, congruence relations, homomorphisms, and isomor-
phisms to this new, more general setting. By doing so, we aim to investigate which
fundamental properties and theorems from classical universal algebra continue to
hold in this broader context and to discover new characterizations unique to these
structures.

1.2 Objectives of the Research

The objectives of this research are as follows:

1. To define the concept of a generalized sigma algebra, provide illustrative
examples, and investigate its fundamental properties.

2. To define and investigate the properties of generalized sigma subalgebras.

3. To define and investigate the properties of congruence relations on general-
ized sigma algebras.

4. To define and investigate the properties of homomorphisms and

isomorphisms between two generalized sigma algebras.

1.3 Procedure of the Research

The research presented in this thesis was conducted according to the
following procedure:

1. A comprehensive review of the existing literature on classical universal
algebra and related generalized structures was conducted to identify
foundational concepts and potential areas for extension.



2. New definitions for generalized sigma algebras, subalgebras, congruence
relations, and homomorphisms were formulated based on the insights
gained from the literature review.

3. The properties and consequences of these new definitions were
systematically investigated, leading to the formulation and proof of the
theorems that constitute the main results of this thesis.

1.4 Scope of the Study

This study focuses on the theoretical development of generalized sigma
algebras. The scope includes the formal definition of these algebras and the
extension of core algebraic concepts namely subalgebras, congruence relations,
homomorphisms, and isomorphisms to this generalized framework. The research
will establish and prove fundamental properties related to these concepts within
the defined structure.



CHAPTER 2

PRELIMINARIES

In this chapter, we will give some definitions, notations, dealing with
some preliminaries and some useful results that will be duplicated in later chap-
ter.

21 Operations and Algebra

The first section we will introduce the concept of a function from a given
set (or product of sets) to a fixed set is called operation as the following definition

Definition 2.1.1. [4] Let A be a set, and let n > 1 be a natural number. A function
f:+ A" — Ais called an n-ary operation defined on A4, and is said to have arity n.
We let O"(A) be the set of all n-ary operations defined on A and let

o(A):= | Jo"(A).

be the set of all finitary operations defined on A.

Definition 2.1.2. [11] Let A be a non-empty set. Let Z be any non-empty index
set, and let ( f«A)l.eI be a function which assigns to every element of 7 an n;—ary

7

operation f{! defined on A. Then the pair A := (A; ( f{‘)i€1> .is called an (indexed)
algebra (indexed by the set 7). The set A is called the base or carrier set or universe
of 4, and f{! is called the sequence of fundamental operations of A. For each i € 7
the natural number n; is called the arity of (/). ;- The sequence 7 := (n;)icz Of
all the arities is called the type of the algebra .A. We use the name Alg(7) for the

class of all algebras of a given type 7.

Example 2.1.3. An algebra (G;-) of type 7 = (2), with one binary operation, is
called a groupoid. Here the single binary operation f is denoted by - or even just
by juxtaposition, so we write x - y or just zy instead of f(x,y).



2.2 Subalgebra

Definition 2.2.1. Let B := (B; (P )ie,‘,) , be an algebra of type 7. Then an algebra
A is called a subalgebra of B, written as A < B, if the following conditions are
satisfied:

(i) A:= (A, (fiA)ieI> ,is an algebra of type T
() AC B,

(iii) For all i € Z the graph of f;* is a subset of the graph of fF.

Whether one algebra is a subalgebra of another algebra can be checked by
the following criterion:

Lemma 2.2.2. (Subalgebra Criterion)
Let B := (B; (fiB)ieI> , be an algebra of type 7 and let A C B, be a subset B

for which f = f# |4 foralli € Z. Then A := (B, (fA)i€I> , is a subalgebra of

B = (B; (f8 )i€I> , iff A is closed with respect to all the operations f7 fori € Z;
that is, if f?(A™) C Aforalli € Z.

Proof. See [11, p.15.] O

Corollary 2.2.3. [1] Let A, B and C be algebras of type 7. Then:
(i) f (A< B)A(B<C),then (A <C).
(i) E(ACBCCO)AN(ALSC)A(B<LC), then (A< B).

Proof. See [11, p.15.] O

Corollary 2.2.4. [1] The non-empty intersection .4 of a non-empty family
{ A; | j € J} of subalgebras of an algebra 5 of type 7 is a subalgebra of B.

Proof. See [11}, p.15.] O



2.3 Homomorphisms

Consider the absolute value function, i : R — R*, which assigns to every
real number ¢ € R its absolute value |a|. This function is compatible with the
multiplicative structure of R because it satisfies the property |a - b| = |a| - |b|. This
identity shows that we obtain the same result whether we first multiply the
numbers and then apply the mapping, or first map the numbers and then multiply
their images.

This concept of a structure-preserving map is a fundamental theme in
algebra. Similar properties can be observed in other contexts; for instance,
assigning to each square matrix its determinant satisfies |A - B| = |A| - |B|, and
assigning to each permutation its sign satisfies sgn(s; o s3) = sgn(s;) - sgn(sz).
Such mappings, known as homomorphisms, are central to the study of algebraic
structures. In each of these examples, we have a mapping between the carrier
sets of two algebras of the same type, which is compatible with the operations
of the algebras. If the mapping between the carrier sets of the two algebras is
also a bijection, then the difference between the two algebras amounts only to a
relabelling of the elements.

This can be seen for instance in the following example. We consider the
algebras

As = ({(1),(123), (132)} ; 0) and Z3 = ({[0]s, [1]s, [2]s} ; +) ,

the group of all even permutations (the alternating group) of order three and the
cyclic group of order three, respectively. Both algebras have type 7 = (2), and it
is easy to verify that both are groups. From their Cayley tables

o | (1) 1(123) . (132)
() | (@) (123) (132)
(123) | (123)° (132) (1)
(132)](132) (1) (123)

Table 2.1: The Cayley table of the group A; of type 7 = (2)

it appears that the bijection

h:{(1),(123),(132)} — {[0]s, [1]3, [2]5} ,



+ |05 [1)s [2s
05 | [0]s [1]s [2]s
[1)s ({15 [2]5 [0]5
[2]5 [ [2]s. [0s [1]s

Table 2.2: The Cayley table of the group Z; of type 7 = (2)

defined by the mapping (1) — [0]3, (123) — [1]3 and (132) — [2]3, is
compatible with the structure. For instance, we have

h((123) o (132)) = h((1)) = [0]s = [1]s + [2]s = A((123)) + A((132)),

and similarly for all other pairs of elements. Functions or bijections between
algebras which have this compatibility property are called homomorphisms or
isomorphisms.  The following example shows that this compatibility property
occurs in very ”practical” cases. An industrial automaton is designed to construct
more complex parts of a machine from certain simpler parts. There are working
phases in which two parts are combined into a new part, other phases in which
three parts are combined into a new one, and so on. These correspond to binary
operations, ternary operations, etc. If the parts are combined in a different
order, represented by a mapping h, then the automaton will continue to work
in the correct way when h has our compatibility property. Thus the concepts of
homomorphism and isomorphism may be said to model mathematically the
“artificial intelligence” we expect from such an automaton.In this section, we
define homomorphisms and isomorphisms, and present several important theorems
outlining their properties and connecting them with quotient algebras and con-
gruences.

We begin with the definitions of homomorphism and isomorphism.
Definition 2.3.1. Let A = (A4; (f{')icr) and B = (B; (f7).<r) be an algebra of type
7. Then a function h : A — B is called a homomorphism h : A — B of Ainto B if
for all i € 7 we have

h (ff‘(al, ag, ... ani)) = fP((hlay), hay), ..., h(an,)),

forall (ay,as, ...a,,) € A. In the special case that n; = 0, this equation means that
h (f(0)) = fZ(0). That is, the element designated by the nullary operation f;* in
A must be mapped to the corresponding element [ in B.



If the function h is bijective, that is both one-to-one (injective) and “onto”
(surjective), then the homomorphism % : A — B is called an isomorphism from A
onto B. An injective homomorphism from A into B is also called an embedding of A
into B.

A homomorphism / : A — A of an algebra A into itself is called an
endomorphism of A, and an isomorphism h : A — A from A onto A is called an
automorphism of A.

Example 2.3.2. (1) It is easy to prove that for every algebra A, the identical
mapping id : A — A, defined by ids(z) = x for all z € A, is an automorphism
of A.

(2) Let A, B and be algebras of the same type, and let h; : A — B and
hy : B — ., be homomorphisms. The composition function hy o by : A — ., is
defined by (hg o hy)(z) = ha(hi(x))., for all x € A. It is imediately to verify that
this composition is also a homomorphism, and that when both %, and &, are
surjective, injective or bijective, then the composition has the same property.

(3) If 0 is a congruence relation on A and if .4/6 is the corresponding
quotient algebra, then  : A — A/6., defined by a — |[a]y is a surjective
homomorphism. The definition of operations on A/ from the congruence lattice
theorem gives us

h(fiA(al,ag,...,am)) = [fiA(al,aQ,...,ani)}e
= 1" (aro. [aclo - - - [an o)

= 2%h(ay), h(as); e, hlan,)).

for all i € Z This homomorphism is called the natural homomorphism
induced by ¢ on A, and is usually denoted by nat 0.
It is useful to consider the behaviour of subalgebras under homomorphic

mappings.

Theorem 2.3.3. Let i : A — B'be a homomorphism of the algebra A of type 7 into
the algebra B of type 7. Then we have:

(i) The image B; = h(.A,) of a subalgebra A, of A under the homomorphism h
is a subalgebra of B.



(ii) The preimage h~!(B’) = A’ of a subalgebra B’ of h(A) C B is a subalgebra of
A

(iif) For any subset X C A, we have (h(X))s = (h(X)).4.
Proof. See [11, p.50:] ]

Before we continue with general properties of homomorphisms, we will
examine more closely the automorphisms on an algebra. The set of all automor-
phisms of the algebra A is denoted by Aut A, and the set of all its endomorphisms
is denoted by End A. Since the composition o of two automorphisms (endomor-
phisms)
of A is again an automorphism (endomorphism) of A and since o is associative,
(Aut A;o0,idy) and (End A;o,id 4 are monoids, with the former a submonoid of
the latter. It is also true that if 4 : A — A is an automorphism of .4, the mapping
h~': A — Ais again an automorphism of A. This can be seen as follows:

W (A (b bay o b)) = B (1 (W(an), h(az), .. - h(ay,)))
E— (fZA(al,ag, Can)))
= fiA(al,ag,...,ani)

= AN (), RN (by), . b (by,).

This gives the following result.

Lemma 2.3.4. The set of all automorphisms of an algebra A forms a group,
(Aut A= (Aut Aj0,7' idy), called the automorphism group of A.

Proof. Let A = (A;(f')icz) be an algebra of type 7 and let » : A — A be an
automorphism of A. An element a a € A is called a fixed point of 4, if h(a) = a.
Every a € A is of course a fixed point of the identical automorphism id, on A. [

Lemma 2.3.5. The set of all fixed points of an automorphism h of A is a subalgebra
of A.

Proof. See [11, p.51.] ]
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Definition 2.3.6. Let .4 and A’ be algebras of the same type 7 and let B be a
subalgebra of both A and A’ An isomorphism h : A — A’ with h(b) = b for all
b € Bis called a relative isomorphism between .A and A’ with respect to 3. When
h is an automorphism on A, it is then called a relative automorphism of A with
respect to the subalgebra 5.

We can consider such a relative isomorphism, h : A — A’ with respect to
a common subalgebra 5, in two ways. From “above,” we say that the restriction
of h to B is the identity isomorphism on B, while from "below,” we call h an
extension of the identity isomorphism on 5.

More generally, let B and B’ be subalgebras of the algebras .A and A’,
respectively. Let g : B — B’ and h : A — A’ be isomorphisms. Then we say that
the isomorphism £ is an extension of g, if for all b € B the equation g(b) = h(b) is
satisfied. The following result is easy to verify.

Lemma 2.3.7. The set Aut,. gA of all relative automorphisms of A with respect
to a subalgebra B < forms a subgroup of the automorphism group of A.

Proof. See [11, p.53.] O

We have seen that any automorphism /. on A determines a subalgebra of
A, consisting of the fixed points of k. If we take h to be a relative automorphism
with respect to some subalgebra B, this fixed point subalgebra contains B. Now
let G be a subgroup of the group of all relative automorphisms of .4 with respect
to B. We form the set

B ={be A | s(b)=bforall s€G}.

of the elements of .A which are fixed points of all the automorphismsin G. Lemma
tells us that B’ is a subalgebra of A, which again has B as a subalgebra. This
gives a way of associating to every subgroup § << Aut,.,,;A analgebr between
B and A, so B < B’ < A. We can ask whether the converse holds: does every
algebraB < B’ < A. determine a subgroup of Aut,..,; A which consists exactly of
the automorphisms of A fixing the elements from a B'.

Notice: We will have noticed that these interconnections amount to a Galois-
connection between the sets A and Aut,..,.A We have a basic relation

R :={(a,s) |la € Aands € Aut,cq, A and s(a) = a},
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which induces the maps

o(X): = {s€ AutyeuyA|foralla € X(s(a) =a)} and
oY): = {a€Alforallsec Y(s(a)=a)},

forall X C Aand Y C Aut,eq,A. We now return to the general theory of
homomorphisms, with some theorems that relate homomorphisms to
congruences. Becuase that every congruence relation § on an algebra A
determines a homomorphism, namely the natural homomorphism

nath: A— A/6.

onto the quotient algebra. Now we will show that conversely every homomor-
phism of an algebra .Aalso determines a congruence relation on A.

Let h : A — B be a homomorphism. Since the functionth : A — B.,
is in general not injective, we may have different elements with the same image.
We investigate the equivalence relation corresponding to the partition of the set
A into classes consisting of elements having the same image, that is, the kernel of
h.

Definition 2.3.8. Let A and A’ be algebras of the same type 7 and let
h : A — Bbe a homomorphism. The following binary relation is called the kernel
of the homomorphism h :

kerh:= {(a,b) € A*| h(a) = h(b)}.

We may alternately express thisas kerh = h='oh, where h~! is the inverse relation
of h.

Lemma 2.3.9. The kernel of any homomorphism h : A — B., is a congruence
relation on A.

Proof. see [11, p.54] ]

“Suppose we have a homomorphism h: A — B. We have seen that kerh is
a congruence on A, so we can form the quotient algebra A/ kerh, along with the
natural homomorphism nat (kerh) : A — A slashker h. which maps the algebra
A., onto this quotient algebras. Now we have two homomorphic images of A : the
original h(A) and the new quotient .4/kerh. What connection is there between
these two homomorphic images? The answer to this question is a special case of
the following General Homomorphism Theorem.
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Theorem 2.3.10. (General Homomorphism Theorem)
Leth: A— B.and h : A — . be homomorphisms, and let g be surjective. Then
there exists a homomorphism f : C — B. which satisfies f o g = h iff kerg C kerh.

h
A 5

B
/
C

Figure 2.1: Commutativity Diagram fog = h
Here fog = h means “commutativity” of the diagram. When this f exists,
it has the following properties:

(i) the homomorphism f is uniquely defined by f = ho g !;
(ii) f isinjective if kerg = kerh;

(iii) f is surjective if h is surjective.

Proof. See [11, p.56.] O

As mentioned above, as a specific case of the General Homomorphism
Theorem we can consider the surjective natural homomorphism associated to any
congruence. We have the following result, which tells us'that any homomorphic
image of an algebra isisomorphic to a quotient algebra of that algebra by the kernel
of the homomorphism.

Theorem 2.3.11. (homomorphic image theorem) Let h : A — B be a surjective
homomorphism. Then there exists a unique isomorphism f from A/kerh onto B
with f o nat(kerh) = h.
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Proof. See [11, p.57.] O
A S > B
nat(ker)h fi
A/kerh

Figure 2.2: Diagram of Homomorphic Image Theorem

The basic idea of the Homomorphism Theorem is that whenever we have
a surjective homomorphism % from an algebra A onto an algebra 3, the image B
is isomorphic to the quotient algebra A/ ker h. This means that any homomor-
phic image of an algebra, which is typically considered “outside” of the original
algebra, can in fact be characterized up to isomorphism ”inside” the algebra as a
quotient determined by the kernel of the homomorphism. Therefore, to know all
possible homomorphic images of a given algebra, it is sufficient to find all of its
congruence relations and their corresponding quotient algebras.

2.4 Congruence relations

Every function ¢ : A — B from a setA into a set B defines a partition of
the set A into classes of elements having the same image. The equivalence relation
kery corresponding to this partition of Ais called the kernel of the function ¢. That
is, for elementsa, b € A we define

(a;b) € kery < p(a) = o(b).

This definition of the kernel makes it clear that the kernel is an equivalence rela-
tion on A. It is also easy to show that kery is equal to the composition ¢! o ¢.
For instance, let Z be the set of all integers, let m be a natural number,
and let Z/(m) be the set of all equivalence classes modulo m. Then the kernel of
the function ¢ : Z — Z/(m) which is defined by a — [al,,, that is, which maps
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every integer to its class modulo m, is obviously the well-known equivalence or
congruence modulo m :

a=0b(m) & dg € Za—b=gm).

(This is also often written as @ = b mod m). With respect to addition and
multiplication in the ring (Z; +, -, 0) of all integers, this congruence modulo m has
the following additional property:

a; = bi(m) A ag = ba(m) = ay + as = by + ba(m) A ay - ag = by - ba(m).

This tells us that in this example the kernel of the function ¢ is compatible with
the operations of the ring. This observation motivates the following more general

definition.

Definition 2.4.1. Let Abe a set, letf C A x Abe an equivalence relation on A, and
let f be an n-ary operation from O"(A). Then f is said to be compatible withé, or
to preserve 0, if for all a1, as, ..., an,b1,bs,...,b, € A, then

((12, bg) < ‘9, Sy (an, bn) €0 1mp11es (f(al, Qag, . .. ,an), f(bl, bg, cee bn)) € 0.

Remark 2.4.2. This definition can also be applied to arbitrary relations, not just
to binary equivalence relations, and we can speak of a function preserving, or
being compatible with, any relation. For instance, the monotone increasing real
functions f : R — R are exactly the unary operations on R which are compatible
with the relation < on R, since 1 < 23 = f(x1) < f(x9) for all x;, x5 for which
[ is defined. The preservation of relations by functions will be studied in more
detail in the next Chapter.

Definition 2.4.3. [11] Let A = (A; (f#);cz) bean algebra of type 7. An equivalence
relation 6 on Ais called a congruence relation on A if all the fundamental operations
/;} are compatible with 6. We denote byCon.A the setof all congruence relations of

the algebra A. For every algebra A = (A;(f));cz) the trivial equivalence relations

A:={(a,a)|a€ A} and V4, = A x A.

are congruence relations. An algebra which has no congruence relations except
A4 and V4 is called simple.
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Theorem 2.4.4. An equivalence relation § on an algebra A is a congruence relation
on A if § is compatible with all translations of A.

Proof. See [11}, p.24.] O

Theorem 2.4.5. The intersection ¢, N6, of two congruence relations on an algebra
A = (A; (f#)iez),is again a congruence relation on A.

Proof. See [11, p.24.] o

Remark 2.4.6. Theorem is also satisfied for arbitrary families of congruence
relations on A. But in general, the union of two congruence relations of an
algebra A is not a congruence relation, since this does not hold even for
equivalence relations, as the following example shows. Take:

A = {1,2,3},

01 = {(17 1)7 (2’ 2)7 (37 3)7 (17 2)7 (27 1>} )

6 = {(1,1),(2,2),(3:3), (2,3),(3,2)}.

The relations #; and 0, are equivalence relations, but
6, U6y ={(1,1),(2,2),(3,3),(1,2),(2,1),(2,3),(3,2)} .
is not an equivalence relation in A, since it is not transitive:
(1,2) € 0, U65,(2,3) € 6, U0y, but (1,3) # 61 U 6.

But although the union of two congruence relations ¢, and ¢, need not be
a congruence relation, as in the subalgebra case we can use intersections of
congruence to define a smallest congruence generated by the union.
This motivates the following definition.

Definition 2.4.7. Let Abe an algebra, and let § be a binary relation on A. We define
the congruence relation (ConA) on A generated by theta to be the intersection of
all congruence relations ¢’ on .4 which contain theta:

(Ocona) = [{0' 10" € ConAand § C0'}.

It is easy to see that (0c,n.4) has the three important properties of a closure
operator:
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0 C (0)cona (extensivity),
01 g 82 = <91>Con.A g <02>Con.A (monotonicity)

((O)cona)cona = (0)Cona: (idempotency)

Remark. As we did in this section for subalgebras, we can ask how to derive,
from a binary relation 6 defined on A, the congruence relation of the algebra A
generated by 0. First we have to enlarge the relation 6 to its reflexive and symmetric
closure A ,UAUG~". Then we form the compatible closure (A ,UAU6~!). Finally the
set produced in this way has to be completed by all pairs needed for transitivity.
This is done by using the transitive hull operator, which maps any relation a to

ar = ﬂ {8 C A* | B2 aand jis transitive } .
Altogether, then, we need to use
(@) cona = ((AaUO U () )1,

This construction allows us to produce, for two congruences on A, the least
congruence on A which contains them both. This gives us the two binary
operations on C'on(A) we wanted,

A: ConA x ConA — ConA defined by (61, 65) — 64 N 62,
V: ConA x ConA — ConA defined by (61, 65) — (61 U 02)cona,

Since congruence relations are equivalence relations, each congruence on
an algebra A induces a partition on the set A. What makes congruence relations
significant is that the partition set induced by a congruence can also be made into
the universe of an algebra. For each i € Z, we define an nrary operation fZ-A/ ’ on
the quotient set A /6, by

120 (A0) = A0,

defined by

([ar)o, - Nanda)i— £ M@)o fan o) i= [ @ 0]
As always when we define operations on equivalence classes, we must verify that
our operation are well-defined, that is, that they are independent of the
representatives chosen. But as the following proof shows, this is exactly what the
compatibility property of a congruence relation means.
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2.5 Isomorphim

In this section we apply our General Homomorphism Theorem to two
other situations, to produce two theorems which are usually called the First and
Second Isomorphism Theorems. For the first one, we consider subalgebras of an
algebra.

Theorem 2.5.1. (First Isomorphism Theorem) Let A and B be algebras of the same
type 7, and let i : A — B be a homomorphism. Let A, be a subalgebra of A and
h(A;) < B its image. We also assume that A} is the preimage of h(.A;) and that
hi = h |4, is the restriction of h to A;, and we take h} = h |4+ to be the restriction
of h to Aj. Then

@ : Ay/kerhy — A} /kerhi, defined by [a]rern, = [a]kern,

is an isomorphism from A, /kerh; onto A/kerhj.

Proof. See [11, p.24.] O

Theorem 2.5.2. (Second Isomorphism Theorem) Let 6, and 6, be congruences on
an algebra A, with 6; C 6, Then the relation 6, /6, is a congruence relation on
A/60;, and the function

@ : (.A/Ql)/(ez/@l) — ./4/02, defined by [[a]91]92/91 — [G]QQ,

is an isomorphism.

Proof. See [11, p.60.] L]



CHAPTER 3

GENERALIZED SIGMA ALGEBRA

In this chapter, we will introduce the concepts of a generalized sigma
algebra , and give an example to show that a generalized sigma algebra is
distinct from a classical algebra and every classical algebra can be obtained as a
generalized sigma algebra. We will investigate the properties of generalized sigma
algebra .

3.1 Generalized Sigma Algebra

Before providing the definition of a generalized sigma algebra, we will
first review and summarize the construction process of a classical algebra.

Example 3.1.1. (A classical algebra)
Let the components of our algebra be:

Q={1,2}

Base set: A = {a, b}
Arity sets ¥y = {z,y}
and ¥y = {m,n,p}
A dplpaBy=s A}
A%z Laplay - B9 — A}

Therefore, the fundamental operations can be defined as the binary operation
fa, 1A% A
base on the projection onto the first component:
fal(z,y) == forallz,y €A
For example, /3 (a,b) =aand f& (b,a) = b.

This is the set of all functions ¢ : {z,y} — {a,b}. Thereare |A|*1 =22 = 4
such functions:

* ¢ maps (z — a,y — a), corresponding to the pair (a,a).
* y: maps (z — a,y — b), corresponding to the pair (a, b).

18
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* t5: maps (x — b,y — a), corresponding to the pair (b, a).

* ¢,: maps (x — b,y — b), corresponding to the pair (b, b).

2
i
Y
(R
2 A
xr a
| (
Y b

Yy (z = byy > b) = (b,b)

Figure 3.1: Mapping for The Fundamental Operations on A?

A = {1hy, 9, 3,04

For the second fundamental operation we define the operations
f4, : A* — A based on the second component: f{ (z,y,z) =y forallz,y,z € A.
For example,

f2 (b,a,b) = a.



and £ (a,b,a) =b.

Therefore, we get the pairs A = ({a,b}; (f{., f5.)). is a well-defined classical

algebra of type 7 = (2, 3).

For A*2 this is the set of all functions ¢ : {m,n, p} — {a,b}. There are

|A|I®2l = 23 = 8 such functions. Let’s list them all:

o1
Pa:
2%
G4t
Os:
de:
o7
Ps:

maps (m = a,n — a,p — a), corresponding to the triple (a, a,a).
maps (m — a,n — a,p — b), corresponding to the triple (a, a, b).
maps (m — a,n — b, p — a), corresponding to the triple (a, b, a).
maps (m — a,n — b, p — b), corresponding to the triple (a, b, b).
maps (m — b,n — a,p — a), corresponding to the triple (b, a,a).
maps (m — b,n — a,p — b), corresponding to the triple (b, a,b).
maps (m — b,n — b, p — a), corresponding to the triple (b, b, a).

maps (m — b,n +— b, p — b), corresponding to the triple (b, b, b).

20
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P A
m a
n

P b

¢1:(m—=a,n—a,p—a)=(a,a,a)
2o

m
n

p

¢2: (m— a,n— a,p—b) = (a,a,b)

2o A
m ‘;a
n

D b

¢3:(m—a,n—bp—a)=(ab,a)

¢5: (M= byn—ap—a)= (ba,a)

Figure 3.2: Examples of mappings for the sigma operation on A>2.
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2y A
m a
n

p = b

o6 (m— b,n— a,p—b)= (ba,b)

b A

T

¢7:(m—=bn—bp—a)= (bba)

Yo A
m a
n

D b

¢s : (m = byn—b,p—b) = (b,b,b)
Figure 3.3: Examples of mappings for the sigma operation on A*2.(Continue)

For the operation f{} with arity 3, the domain is
AP=AxAxA
= {¢17 ¢27 ¢37 ¢47 ¢5a ¢67 ¢7a ¢8} .

Its elements are 3-tuples ordered.
Therefore, (A, (f4,, f4,,)) isalgebra of type 7 = (|, |Zs]) .

Example 3.1.2. Let A = (A, ( fiA)ieZ) be an algebra of type 7 = (n;),.; . An algebra
A can be considered as a generalized algebra of type >-algebra as follows :
For eachi € 7, Let Ei:{1,2,3,...,ni}, (|Ez| :TLZ)
Then
A% =L |2 — A, pedl,2,3,... 2511}
fo=(Fo(1), 10(2), ,3), -, folni)) -
Since f : ¥; - Aisamapping and ¥; = {1,2,3,...,n;} we given f as an
n;— tuples (f(1), f(2),..., f(n;)). Then
A¥ = A" foralli € T.
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Therefore, Vi € T we define f{ : A% — Aby

FE () = 1 (1), £o(2), [,3), - fo(ne))  (f = f4)  forall f, € A,

p€{1,2,3,...,2%} Then (A, (fg‘i)iez> is a generalized algebra of type
T = (’EiDieI'

Definition 3.1.3. Let A be a nonempty set, and let (2 be a any nonempty index set
andlet ¥ = {3, : j € Q} nonempty index set. We defined fg‘j : A% — A, where

A% = ] As;As = A forall g € &,
BeY;
= {oslag:8; — A, 05 € X}

Wecalled f§ : A% — Aforallj € Qthe [3;|-ary operation defined on A, and is said

to have arity |X;|. We let ( fg‘j ) | be a function which assigns to every element
je

of Q and |3;|-ary operation f& defined on A% Then the pair Ay := <A; ( ff‘,) Q)
J 1/ je
is called (indexed) Generalized algebra (indexed by the set ¥;) for all ¥; € X ; for

all j € Q. The set A is called the base or carrier set or universe of A and ( fg?.)
J jGQ
is called the sequence of fundamental operations of A, for each j € ) the index ¥; is

called arity of ( fg‘_) o The sequence 7 := (\2j |j EQ) of all arities is called type of
J j€

the generalized algebra. We use the name Alg(Y) for the calss of all algebras of a

given type 7 := (|Ej|jea>'

Remark 3.1.4. From the definition , since U AL~ U A = A, then we have

ocEY

A% = I 45

Bes;

=4 {U:Ej—> UA5|0(B)€Aﬂ forallﬁer}

,BEEJ'

= {o0:%; > A|oisafunction}.

Now we will give some example of generalized sigma algebra with
uncountable arity and that is not classical algebras.

Example 3.1.5. (An Algebra with Uncountable Arity)
This example demonstrates a generalized sigma algebra that cannot be
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represented as a classical algebra due to its uncountable arity.
Let the base set be A = {a,b, c}. and the index set for the operations be
Q = {1,2}. We defined the arity sets as real intervals:

Observe that, the arity of our operations is determined by sets of real numbers,
not natural numbers. If we given that for each j € (2, the carrier of the operation

A% = {ele :2; = {a,b,c}}.

So we have

AP = {o|p: L, — {a,b,c}}.
A2 = {p|p: %y — {a,b,c}}.

Hence A*' and A*? are the sets of all functions from the arity set 3, to the base set
A, where j =1, 2. For the arity set ¥; = [0, 1], we define fg‘l based on the
value of the input function ¢ at the specific point 5 = 1:

A=l Trd=c

b otherwise.

For the arity set ¥, = [2, 3], we define f{ as follows:

b ifp(2) =10
[5,(@) = ,
c otherwise.
Therefore,
"42 = ({CL, ba C}, (fr(?,l]> f[124,3])>
is a well-defined generalized sigma algebra of type 7 = (|R|,|R|) = [R]

Since the arity of the operation f[f)"l] is the set [0,1]. The cardinality of
this set is |[0,1]| = |R|, which is an uncountable infinity. Since classical algebras
require all arities to be natural numbers (n € N), there is no way to represent this
structure in the classical framework. This example clearly demonstrates that the
class of Generalized Sigma Algebras is a proper extension of the class of classical
algebras.
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Generalized sigma algebra
As = (45 (F)sen)
typeT = (‘Zjl)]‘eﬂ

|

Algebra of type-T Generalized sigma algebra

A = (A, (f)iex)

that is not Classical

Algebra of type-T

Figure 3.4: Diagram Shows Generalized Sigma Algebras is a Proper Extension
3.2 Generalized Sigma Subalgebra

Definition 3.2.1. Let By := (B; ( fg) Q) be a generalized sigma algebra of
i) je

type 7 := <|Ej ]j€Q> . Then an generalized sigma algebra Ay, := <A; (fg‘,) Q) .is
J ]e
called a generalized sigma subalgebra of By, written as Ay, < By, if the following

conditions are satisfied:
(i) Ag = (A; <f§‘j>jeg) .is an algebra of type 7 := <|Zj|j€§l) .
(i) A C B.
(i) Forall j € Q, £ | > = fé“j.

Then Ay, < Bs.

Remark 3.2.2.

(1) Condition (iii) of the refers to the graph of an operation, as defined in
Remark of graph This condition means that the graph of fg‘j forall j € Q
is the restriction of the graph of ff forall j € Q to A% C B*. We write

5 lam = f, forall j € Q using £ | ;»,, to denote the restriction of f, to
A%



26

(2) If f¢ is a nullary operation, then
féj - (AO X sz) ﬂfg
= 40y x B (S8

o m))
1

B
Ej'

That is, a nullary operation fg‘j must designate the same element in each
subalgebra Ay, of By,.

Whether one generalized sigma algebra is a generalized sigma subalgebra
of another generalized sigma algebra can be checked by the following criterion:

Lemma 3.2.3. (Generalized Sigma Subalgebra Criterion)

Let By, := (B; (f{i.) 'EQ) be a generalized sigma algebra of type 7 := (’21|jeﬁ)
J

and let A C B, then Ay, := (A; ( fg‘,) Q) is a generalized sigma subalgebra of
J ]e

By, iff A is closed with respect to all the operations fgj for all j € ©; that is, if

fE 145 (0) € Aforallo € A>/ and forall j € O

Proof. (=) Assume that Ay, := (A; < fEAj )jEQ) is a generalized sigma subalgebra
of By,. We need to show that A is closed with respect to all the operations fgj for
all j € Q.

Closure Property: Consider any j € Q and any o € A%i. Since Ay, is a generalized
sigma subalgebra, we know that f§ (¢) € A. By definition, f§ (o) = £ 4=, (o).
Therefore, we have shown that ffj |43 (0) € A. Thus, A is closed with respect to
all the operations fgj forall j € .

(<) Assume that A is closed with respect to all the operations fgj for all j € Q.
This means, for all j € Q and for all o € A/, fgj | ;=5 (0) € A.

We need to show that Ay := (A; ( f{}j ) Eﬂ) is a generalized sigma subalgebra of
Bs.. ’

For each j € Q, fg‘j (o) = fgj | ;= (0) forall ¢ € A¥i. Because we assumed
A is closed under fgj , this ensures that f{;‘j (o) is always in A. Therefore, Ay, is a
generalized sigma subalgebra of Bs. O

Example 3.2.4. (A Generalized Sigma Subalgebra with Uncountable Arity) We
demonstrate the concept of a generalized sigma subalgebra using the algebra with
uncountable arity from Example . Let this ”larger” algebra be denoted by Bs..



27

The components of By, are:
e The base setis B = {a, b, c}.

¢ The operations are f[g,1] and f[’rig] defined as:

a ifo(l)=a
f[ﬁl](U) ¥ )

b otherwise.

b ifo(2) =0
f€,3](0) |

¢ otherwise.

Thus, the algebra is By = ({a, b, c}; (f5 4, f5.5))-

Now, we propose a candidate for a subalgebra, Ay, constructed on the
carrier set A = {b, c}. To formally verify that Ay, is a generalized sigma subalgebra
of Bs;,, we must check the three conditions outlined in Definition .

(i) Type: We intend to define the operations for Ay as the restrictions of the
operations from By. By this construction, Ay, will have the same index sets
and thus the same type 7 = (|R|,|R|) as By. This condition is satisfied by

our construction.

(ii) Subset: The proposed carrier set is A = {b,c}. It is clear that A C B, since
{b,c} C{a,b,c}. This condition is satisfied.

(iii) Restriction of Operations. The third condition requires that for each j € €,
the operation fﬁ‘j is the restriction of fgj to A*i. For this restriction to be a
well-defined operation on A4, its codomain must be A. That is, for any input
o € A%, the output f{ () must be an element of A. This is precisely the
closure property, which now we will show that.

(1) Closure under f[g,u: Leto € A*, meaning o : {0,1] — {b,c}.
Consequently, a(1) can only be b or ¢; it can never be a. According to
the definition of the operation, the result f[ﬁl] (0) is a only if o(1) = a.
Since this case is impossible for any o € A™', the result always falls into
the “otherwise” case, yielding the element b. Since b € A, the set A is
closed under f[OB’ e

(2) Closure under f[gg}: Let 0 € A*2, meaning o : [2,3] — {b,c}. We con-
sider the possible values of o(2).

 If 0(2) = b, the operation yields b, which is in A.
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e If 0(2) = ¢, this falls into the “"otherwise” case, and the operation
yields ¢, which is in A.

In all possible cases, the output is an element of A. Thus, Aisalso closed
under f[f29’3].

Since the closure property holds for all fundamental operations, the
restricted operations are well-defined on A, and Condition (iii) is satisfied.

Since all three conditions from Definition have been verified, we
conclude that As; = ({b, c}; (f{§ )], f55]4)) is @ well-defined proper generalized
sigma subalgebra of By, and we may write Ay, < By.

Corollary 3.2.5. Let Ay, By, and Cy, be generalized sigma algebra of type
T = (|Ej‘je§2 ) Then:

(i) If (As < By) and (Bs. < Cyx), then Ay < Cyx,
(ii)) f (AC BC (C)and (Ag < Cs) and (By < Cyx), then Ay < By
Proof. (i) Assume (Ay. < Byx) and (Byx. < Cx).This means:
(i) ACBand B C C.
(i) f& (o) = £ |5 (o) forallo € A% and all j € Q. and f (9) = f5 | =, (0) for
allc € B% and all j € (.
We will show that Ay, < Cyx. To do this, we need to show:
(1.) A C C: This follows directly from the given inclusions: A C B C C.
(2) £ (0) = f5, lalo) forallg € A% and all j € Q
Since o€ A%, and A C B, we have ¢ € B*i.
Therefore, using the given equality, we have:
(a) = f{fj |4 (0)(Since As. < By)
5 (0) = /s, |8 (o) (Since By < Cx)
= fs IAE (9) = J5 lasila).

Hence, we get f{ (0) = f5 |a(0). Thus, A5, < Cs, proving (i).
(ii) Assume (A C B C (') and (Ayx, < Cx) and (Bx. < Cy). This implies:

Q

ACBCC, fg(0)=fg |alo), f5(0) = f, |s(0).

forallc € A% and all j € Q. We need to show that Ay, < By, meaning we
need to show:
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(1) A C B. This is given in the assumptions.

(2) f&(0) = f5]a(o) forallo € A% and all j € Q. Since o € A% and A C C, we
have o € C*i.

Therefore, using the given equalities:

f§j<0) = fzcj |4 (o) (SinceAs < Cx)
£ (o) =[5, |s(o) (Since By < Cx)
ifgj’AEj(U) = fng|Azj(0).
Hence, we get fﬁ‘j (o) = 5; |a(0). Thus, As, < By, proving (ii). 0

The next corollary we will show that the non-empty intersection of a non-
empty family of generalized sigma subalgebra is a generalized sigma subalgebra

of its whole generalized sigma algebra, i.e. suppose that By, := (B; ( fg) Q) be
i) e

a generalized sigma algebra of type 7 := (\Ej|j EQ) and {Axyx | k € I'} is a family

of subalgebras of Bx.. We define a set A := ﬂ A}, and operations le?,- = fgj | A%
kel
We will verify that when the intersection set A := ﬂ Ay, is non-empty, the algebra

ker

G5 = (A; (fﬁ‘,) ) indeed an algebra of type 7 := <]Zj|jeg) , to be called the
7/ jer

intersection of the algebras Ay, and denoted by @7, », := ﬂ Aps:.

kel

Corollary 3.2.6. Let By, := (B ; ( fg) Q) be a generalized sigma algebra of type
J ]E
7. The non-empty intersection of any non-empty family of its generalized sigma

subalgebras, {\A; ». | k€ T'}, is also a generalized sigma subalgebra of Bs,.

Proof. Let By, = (B;( fgj )jca) be a generalized sigma algebra, and let { A, 5 | k € '}
be a non-empty family of its subalgebras.
Let % 5, denote the intersection algebra, defined on the carrier set A :=

ﬂ Ai. We aim to prove that 7, 5, is a generalized sigma subalgebra of By;. We will
kel

use the Generalized Subalgebra Criterion (Lemma ) to do so. This requires

us to verify two conditions.

1. Veritying the Subset Condition (A C B):
By assumption, for each k € I, A x is a subalgebra of By,. By definition
of a subalgebra, this implies that its carrier set A is a subset of B forall k € I'.
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Since every set A;, in the family is a subset of B, their intersection must
also be a subset of B. Therefore,

kel’

This condition is satisfied.

2. Verifying Closure Under Operations:
We must show that the set A is closed under every fundamental operation
&, of the algebra By
Letj € Qbe an arbitrary operation index, and let o be an arbitrary element
from the domain A>7. We need to show that the result fZBj (0) is an element of A.
First, by the definition of the intersection set A, an element o being in A%i
means that for any 5 € X, the value o(f) is in A. Because A C A for every
k € T, this implies that o (/) is also in A, for every k. Therefore, the function o is
an element of the domain (4;)> forall k € T.
Now, we use the fact that each A 5, is a subalgebra. According to the
Subalgebra Criterion, this means each carrier set A; is closed under the operation
gj . Since we have established that o € (A;)%i, it follows that the result of the
operation must be in Aj;:
/5. (o) € Ay

This statement is true for every k € I'.

If the element fgj (0) belongs to every set Ay, in the family (i.e., it is in Ay,
for all £ € T), then by the definition of set intersection, it must belong to their
intersection, A.

fE(e) e[| A=A
kel
Since we have shown that for an arbitrary operation f{f and an arbitrary input
o € A%, the result fgj (0) is in A, we have proven that the set A is closed under
all fundamental operations.

Conclusion:

Since the carrier set A isa subset of B and is closed under all fundamental
operations of By, we conclude by the Subalgebra Criterion that the intersection
algebra .7, 5, is indeed a generalized sigma subalgebra of Bs.. O



CHAPTER 4

HOMOMORPHISMS, CONGRUENCES, AND
ISOMORPHISMS

4.1 Generalized Homomorphisms

A fundamental pursuit in any algebraic theory is not merely to study
individual structures in isolation, but to understand the rich web of relationships
that connect them. The primary tools for this exploration are structure-preserving
maps, known as generalized homomorphisms [3, 6]. These maps allow us to
compare different algebras, identify shared properties, and understand how one
structure can be mapped into another.

However,generalized homomorphisms are more than just external
comparisons; they reveal profound internal structures within their domain
algebra. Every generalized homomorphism naturally gives rise to an equivalence
relation on its domain and its kernel which partitions the set into classes of
elements that are indistinguishable from the perspective of a target algebra.
Crucially, this kernel is not just any partition; it possesses a special compatibility
with the algebraic operations, making it a congruence relation [3, 17].

This observation is the cornerstone of a celebrated generalized
homomorphism theorems, a central pillar of universal algebra [3, 6, 17]. These
theorems establish a deep and beautiful duality: the external view of an
algebra (its generalized homomorphic images) is completely determined, up to
isomorphism, by its internal structure (its congruence relations). Specifically, any
generalized homomorphic image of an algebra A is generalized isomorphic to
a quotient algebra .4/0, where ¢ is the congruence induced by the generalized
homomorphism.

This chapter extends this fundamental trilogy of concepts generalized
homomotrphisms, generalized congruences, and generalized isomorphisms to the
setting of generalized sigma algebras. Our primary objective is to demonstrate
that this powerful interplay, which forms the bedrock of classical universal
algebra, holds with equal significance in this more general framework. We will
begin by formally defining generalized homomorphisms for generalized sigma
algebras and establishing how they preserve the generalized operations. We will
then show how every such generalized homomorphism induces a generalized
congruence relation, paving the way to construct the corresponding quotient al-
gebra.

31
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The culmination of this chapter will be the formulation and proof of the
generalized homomorphism Theorems for generalized sigma algebras, thereby
solidifying the foundational link between the external comparisons and internal
structures of these complex algebraic objects.

Definition 4.1.1. (Generalized Homomorphisms.)

Let As = (4; (f5}))jen) and By = (B; (f5 ) jea) be generalized sigma
algebras of the same type. A mapping h : A — B is called a generalized
homomorphism from Ay, to By if for every j €  and for every function ¢y € A>,
the following condition holds:

h (@) = (hov)

where h o ) denotes the function composition. This composition results in a new
function ho : 3; — B, which is a valid input for the operation fgj ,and is defined
by (ho)(c) = h(y(o)) forall o € 3;.

If the function £ is bijective, that is both one-to-one (injective) and “onto”
(surjective), then the generalized homomorphism % : As — By is called a
generalized isomorphism from Ay, onto By. An injective generalized homomorphism
from Ay, into By, is also called a generalized embedding of Ay, into Bs..

A generalized homomorphism h : Ay, — Ay of a generalized sigma al-
gebra Ay into itself is called a generalized endomorphism of As;, and a generalized
isomorphism h : As, — Ay, from Ay, onto Ay is called a generalized automorphism of
As.
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Example 4.1.2. (Examples of Generalized Homomorphisms and Generalized
Isomorphisms.)

To provide concrete examples for the definitions of generalized homo-
morphism, generalized isomorphism, generalized embedding, and generalized
automorphism, we will revisit and expand upon the algebras defined in

example .

Let us recall the two generalized sigma algebras, Ay, and By. Let the
universe for both be A = {a, b, c}. Set for Operations is 2 = {1, 2}. Let 3; = [0, 1]
and ¥, = [2,3]. be arities. Then we have the fundamental operations for algebra

fa o AP A where f5 () = ¥(1) (Projection onto coordinate 1),

and f& : A3l 5 Ais defined by

b ifY(2)=a
AW =<a ifp@2) =b

¢ Otherwise.

Note: This operation is closed on {a, b, c}. Hence the fundamental operations for
algebra By, = (4; (985, ¢5,)) are:

o g8 : AOY — Ais defined by ¢Z () = 1(0) (Projection onto coordinate 0).

o g8 : ARSI — Ais defined by ¢Z (v) =1(3) (Projection onto coordinate 3).

Case 1: The mapping is not a generalized homomorphism.
Let us consider the identity map h : A — A and test if it is a homomor-
phism from Ay, to By. The condition is h(f5 (1)) = g8, (h © 1)

e For j = 1: The condition becomes h(fs (¥)) = ¢&€ (h o ¢). The LHS is
h(1)) =4 (1). The RHS is ¢& (¢) = 1(0). The requirement ¢)(1) = 4(0) for
all functions 2} : [0, 1]. — A is not met. For instance, a function with (0) =
and (1) = b violates the condition.

Therefore, the identity map is not a generalized homomorphism from Ay, to Bs.

Case 2: A generalized automorphism of an algebra.

Now, let’s consider a generalized homomorphism from Ay to itself.
Letids : A — Abe the identity map. We check if id4 is a generalized
homomorphism from Ay, to As. The condition is ida(fs}, (1)) = f5 (ida o ¥).
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e The LHS is ida(f5 () = f, ().
* The RHS is f{ (ida o 9) = f& (1), since ida o ¢ = 4.

Since LHS = RHS for all operations, the identity map is a generalized
homomorphism.

* A generalized homomorphism from an algebra to itself, like id 4, is called a
generalized endomorphism.

* Since idy4 is bijective, it is also a gemeralized isomorphism.

* A generalized isomorphism from an algebra onto itself is a generalized
automorphism.

Therefore, the identity map is a generalized automorphism of As.

Case 3: A generalized embedding
To illustrate a generalized embedding, let’s define a subalgebra of Asy..

* Let the subset be C' = {a,b}. This subset is closed under the operations of
AEZ
- For f& ,if ¢ : 0,1} = C, then the output ¢(1) is in C.
- For f&,if v : [2,3] — C, the input ¢(2.5) can only be a or b, so the

output is b or a, which is in C.

* Thus, we can define a subalgebra Cs, = (C; (/5 |c, /5, |¢)), where the
operations are the restrictions of those in Ay,

Now, consider the inclusion map k : C — A defined by k(z) = x. Let’s check if k
is a homomorphism from Cy to As:.

e The condition is k(fs (¥)) = f5 (k o)) forany 4+ ¥; = C.

» The LHS is k(fS. (V) =S (1)

e The RHSis fz‘f}j (ko). Since k is the inclusion map, kot isjust ¢ considered as
a map into A. Because fgj is the restriction of fg‘j , the outputs are identical.
The condition holds.

Therefore, the map £ is a generalized homomorphism. Since k is injective
(one-to-one), it is a generalized embedding of Cy, into Ay. It is not a generalized
isomorphism because it is not surjective (the element c € A is not in the image of
k).
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Theorem 4.1.3. Let Ay, By, and Cy; be generalized sigma algebras of the same
type.

1. The identity map on A, denoted id4 : A — A, is a generalized homomor-
phism from Ay, to Ay, (i.e., a generalized endomorphism).

2. If h: Ay, — By, and k : By, — Cy, are generalized homomorphisms, then
their composition k o h : Ay, — Cy, is also a generalized homomorphism.

Proof. Let j € Q be an arbitrary index for an operation. We will show that
satisfying :

1. Identity Map: Let id4 : A — Abe the identity map. To show it is a
generalized homomorphism, we must verify that for any function ¢ € A*,
the following condition holds:

ida(f5,(0)) = f5,(ida o ).
We analyze both sides of the equation:

* LHS: By the definition of the identity map, id4(z) = x for any element
x € A. Since f{} (¢) is an element of A, we have:

ida(fs, () = f5,(¥).

e RHS : Consider the input function for the operation, which is the
composition id4 © 1. For any o € ¥£;, we have

(ida o ¥)(0) = ida(4(0)) = ¢P(a),

This means that the function id 4 o v is identical to the function .
Therefore:

f,(ida o) = f& (¢).

Since LHS = RHS,; the identity map is a generalized homomorphism. This
is the property we demonstrated in Case 2 of Example .

Hence if we given that b : Ay, — By and k : By, — Cy, be generalized
homomorphisms. We must show that for any function ¢ € A%, the map
k o h satisfies the generalized homomorphism condition:

(ko h)(f&; (@) = fs, (ko h) o).

We start from the left-hand side and transform it step-by-step using the
properties of composition and generalized homomorphisms. We have

(ko h)(fg‘j (W) =k (h(fg‘j (w))> (by definition of composition "o”)
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=k < fgj (h o) (since h is a generalized homomorphism)

= fgj (ko (ho1)) (since kis a generalized homomorphism)

= fgj ((koh) o). (by associativity of composition "o”)

The final expression is the right-hand side of the condition we needed to
prove. Thus, k o his a generalized homomorphism.

]

These properties are fundamental to the study of generalized homomor-
phisms and generalized isomorphisms in algebraic structures, including
generalized sigma algebras. They are crucial for understanding how these
mappings behave and how they contribute to the analysis and classification of
algebraic systems.

Corollary 4.1.4. (The Monoid of Generalized Endomorphisms)

Let Ay, be a generalized sigma algebra. The set of all generalized en-
domorphisms of Ay, denoted End(Ay,), forms a monoid under the operation of
function
composition (o).

Proof. To prove that (End(Ay), o) forms a monoid, we must verify three
properties: closure, associativity, and the existence of an identity element.

To Show closure property: Let i,k € End(Ay). This means that » : Ay, — Ay
and k : Ay — Ay are generalized homomorphisms. By Theorem (2), the
composition h ok is also a generalized homomorphism from As, to Ay. Therefore,
hok € End(Ay), and the set is closed under composition.

To show associativity : The operation of function composition is inherently
associative. For any three generalized endomorphisms f, g,k € End(Ay), it is a
fundamental property of functions that (fog)oh = fo(goh). Thus, the operation
is

associative.

To show its has identity element: By Theorem (1), the identity map

ida : A — Ais a generalized homomorphism, and thus id4 € End(Ay). For any
h € End(Ay), we have h o idy = h and idy o h = h. Therefore, id4 serves as the
identity element for the operation of composition.
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Since the set of generalized endomorphisms is closed under an associative
operation and contains an identity element, (End(.Asy,), o). is a monoid. O

Remark. (The Category of Generalized Sigma Algebras)
The properties established in Theorem are precisely the axioms re-
quired to demonstrate that generalized sigma algebras form a category.
Specifically, for a fixed type 7 = (|3,|)jcn, we can define the category
GenAlg. as follows:

1. Objects: The objects of the category are all generalized sigma algebras of
type 7.

2. Morphisms: For any two objects .Ax. and By, the morphisms from Ay, to By,
are the generalized homomorphisms h : Ay, — Bs.

Theorem confirms that this construction satisfies the two
fundamental axioms of a category:

1. Existence of Identity Morphisms: For any object Ay, there exists an identity
morphism, which is the identity map id4 : As — As (from part 1 of the
theorem).

2. Composition of Morphisms:The composition of any two morphisms
h: Az; — Bg

and k : By, — Cy. is also a morphism in the category, ko h : Ay, — Cx. (from
part 2 of the theorem). The associativity of this composition is inherited
from the standard associativity of function composition.

Therefore, the class of all generalized sigma algebras of a given type, together
with their generalized homomorphisms, constitutes a well-defined mathematical
category.

Theorem 4.1.5. (Generalized Homomorphisms and Subalgebras.)
Let h : Ay, — Bs., be a generalized homomorphism between two gener-
alized sigma algebras of the same type.

(i A = (A ( fg‘j |ar)jeq)., is a subalgebra of Ay, then its image, the algebra
B' = (h(A), (f£ [n(an)jea). is a subalgebra of Bs..
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(i) B = (B, ( fgj |p/)jeq)., is a subalgebra of By, then its preimage, the set
A’ = h™(B’), is the carrier set of a subalgebra of Asy..

Proof. Let j € Q be an arbitrary index for an operation. To prove that a set is
the carrier of a subalgebra, we must show that it is non-empty (which is trivial
if the source algebra is non-empty) and that it is closed under all fundamental
operations.

(i) The image of a subalgebra is a subalgebra. Let A’ be a subalgebra with car-
rier set A* C A. We need to show that the image set h(A’) is closed under every
operation f5 of By.

Let ¢ : ¥; — h(A’) be an arbitrary function whose range is contained in
the image set. Our goal is to prove that the result fgj () is also an element of A(A").

By the definition of the image set h(A’), for every ¢ € X, the element
¢(o) € h(A") implies that there exists some element a, € A" such that
h(a,) = (o). We can use these elements to define a new function ¢y : ¥£; — A’
such that ¢(¢) = a,., foreach o € ¥;.

By this construction, we have h(¢)(c)) = h(a,) = ¢(0).,forall o € ¥;. This
means the function ¢ is identical to the function composition h o 9.

Now we can evaluate the result of the operation:

fEBj(cp) = fEBj (ho) (substituting ¢ = h o 1))

= h( fg‘j (¥)). (since h is a generalized homomorphism)

Let’s examine the argument of 4 in the final expression: fg‘j (1). Since the
function ¢» maps into the set A’,and A’ is a subalgebra of Ay, its carrier set A’ must
be closed under the operation ff‘j . Therefore, the result fglj (1) is an element of A’.

Finally, since f;} (1) € A’, applying the map  to this element gives a
result, h( ffj (1)), which by definition must be in the image set 1 (A’).

Thus, we have shown that fgj (p) € h(A"). This holds for any operation
J € €, 50 h(A’) is the carrier set of a subalgebra of By.

(if) The preimage of a subalgebra is a subalgebra. Let 5’ be a subalgebra with
carrier set B C B. Let A= h '(B’)be the preimage of this set. We need to show
that A’ is closed under every operation fﬁ‘j of As.

Let vy : ¥; — A’ be an arbitrary function whose range is contained in the
preimage set A’. Our goal is to prove that the result fg‘j () is also an element of
A =hH(B).

By the definition of a preimage, showing that fg‘j (v) € h~1(B') is equiva-
lent to showing that A( fg‘j (1)) € B'. This is our new target.
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Using the generalized homomorphism property of i, we can transform
the
expression:

h(fs(W)) = fs, (ho ).

Now, let’s analyze the input function on the right-hand side, h o 9.
For any o € ¥;, we have ¢)(c) € A" = h™!(B’). By definition of preimage, this
means h(y (o)) € B'. Since this is true for all ¢ € ¥, the range of the composite
function h o 1 is entirely contained within the set B'.

So, the expression fgj (h o 1)) represents the application of the operation
fgj to a function that maps into B’. Since B’ is a subalgebra, its carrier set B’ is
closed under this operation. Therefore, the result must be an element of B’:

18 hoy) e B

Combining our steps, we have shown that A( ff‘j (¢)) € B'. This directly
implies that f§ (v) € h~(B') = A'.

This holds for any operation j € 2, so h~'(B’) is the carrier set of a
subalgebra of Asy. O

A central theme in algebra is understanding how a homomorphism
h : Ay, = By, naturally partitions its domain, Ay,. The mapping h groups elements
of the set A together based on whether they are sent to the same element in 5. This
induced partition is not arbitrary; it is a highly structured equivalence relation
that is compatible with the algebra’s operations, a concept we will later define as
a congruence relation.

The binary relation that defines this partition is called the kernel of the
homomorphism. To properly build our framework, we first establish a key
property of generalized isomorphisms, which will be essential for developing the
Generalized Homomorphism Theorems.

Lemma 4.1.6. (Inverse of a Generalized Isomorphism)

If h': Ay, — By is a generalized isomorphism between two generalized
sigma algebras, then its inverse map 7' : B — A isalso an isomorphism from By,
to .AE.

Proof. Since h is a generalized isomorphism, it is a bijective generalized
homomorphism. It is a standard result from set theory that the inverse of a
bijective function is also a bijection. Therefore, we only need to prove that the map
h~! is a generalized homomorphism.
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Let j € Q be an arbitrary index for an operation. We must show that for
any function ¢ € B*i, the following condition holds:

@) =S4 (7 o ).

Since h is a bijection (and therefore surjective), for any function
¢ : ¥; — B, there exists a unique function ¢ : 3; = A such that h o9 = .
Applying the inverse map ™" to this function equation gives us ¢y = h™! o ¢.
Now, we can prove the generalized homomorphism condition for 2! by
starting with the left-hand side:

hH(fs (0) =h™ (fEBj(h o ¢)> (substituting ¢ = h o 9))
= p! (h( fg‘j (w))> (since h is a generalized homomorphism)
= (b o h)(f£.(¢))  (by definition of composition)

= ida(fs, () (since h™' o h = id,)
= f5,(¥) (by definition of identity map)
3 fﬁ‘j(h_1 o). (substituting back ) = h™" o ©)

The final expression is the right-hand side of the condition we needed to prove.
Thus, h~! is a generalized homomorphism.  Since it is also a bijection, h~! is a
generalied isomorphism. O

With the properties of generalized homomorphisms established, we can
now formally define the kernel.

Definition 4.1.7. (Kernel of a Generalized Homomorphism.)

Let Ay, = (A; (fg‘j)jeg) and By, = (B; (fgi )jeq) be generalized sigma
algebras of the same type, and leth : A — B be a generalized homomorphism.
The kernel of a generalized homomorphism /, denoted by ker £, is the binary
relation on the base set A defined as follows:

ker h := {(a1,as) € A X A h(ay)= h(az)}.

Remark. The kernel is an equivalence relation on the carrier set A. It partitions
A into equivalence classes, where each class consists of all the elements that are
mapped by & to a single element in the image set 2(A). As we will see later, this
relation is not just an equivalence relation but a congruence relation, which is a
cornerstone of the Homomorphism Theorems.
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41.1 The Generalized Homomorphism Theorem

The concept of a generalized homomorphism, its kernel, and the resulting
quotient algebra all culminate in one of the most fundamental results in
universal algebra. Given any generalized homomorphism h : A5y, — By, we have
constructed a canonical generalized homomorphic image of Ay, namely quotient
algebra Ay / ker h. A natural and crucial question arises: What is the relationship
between this internally constructed quotient algebra and the external generalized
homomorphic image, h(Ax).?

The answer lies in the first Isomorphism theorem (often called the
fundamental generalized homomorphism theorem), which states that these two
algebras are, in essence, the same they are isomorphic. This theorem provides a
canonical factorization for any homomorphism.

Theorem 4.1.8. (First Generalized Isomorphism Theorem for Generalized
Sigma Algebras.)

Let h : Ay, — By, be a generalized homomorphism. Then the quotient
algebra Ay /ker h is isomorphic to the image algebra h(Asy). Specifically, there
exists a unique isomorphism

f . Ag/kerh — h(A§)>

such that the following diagram commutes, i.e., h|imn) = f o nat(ker h), where
nat(ker h) is the natural generalized homomorphism and /im@m) is the generalized
homomorphism h with its codomain restricted to its image.

AZ} J > BZ

incl
nat(ker h) :I\ch

As/ker h==--1==25 h(As)

Figure 4.1: The First Generalized Isomorphism Diagram

Proof. Let § = ker h. To prove the theorem, we must construct the map f and
show that it is satisfying (1) well-defined, (2) a generalized homomorphism, (3)
injective, and (4) surjective.

To check well-defined: We defined the map f.
Let an element of the quotient algebra As. /6 be denoted by an equivalence
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class [a]g for some a € A. We define the map f : Ay /6 — h(A)., as follows:
f(lalp) == hoa).

We must show that the definition of f does not depend on the choice of
representative for the equivalence class. Assume [a]y = [b]y for a,b € A.

lalg = [blog <= (a,b) €0 (by definition of equivalence classes)
< (a,b) € kerh (since 6 = ker h)
<= h(a) = h(b) (by definition of kernel)

<= f([alo) = f([blg).  (by our definition of f)

The forward implication shows that if we pick different representatives for the
same class, the output of f is the same. Thus, f is well-defined.

To check f is a generalized homomorphism : Let j € Q and let ¥ be a function
from ¥; into the quotient algebra Ay /6. The operation in the quotient algebra is
defined as fA/ ‘(W) = fg‘ (¢)]o, where 1 is any function such that nat(0) o) = V.
We need to show f( A/G( 0) = i (fo W),

f( ;lj/ 9( W) = f([f4 L (1)]o) (def. of operation in quotient algebra)
h(fs, (1)) (def. of f)

= fg (ho). (since h is a generalized homomorphism)

Note that (foW)(c) = f(¥(a)) = f([¥(0)]s) = h(1)(0)). Thus, the function f o ¥ is
identical to ko). The operation f;ﬁA) is just the restriction of f{i to the subalgebra
h(As). So, ff;(h o) = fggA)(f o ). The condition holds.

To check f is injective (one-to-one) : Assume f([a]s) = f([b]¢). From the
chain of equivalences in step 2, the reverse implication shows:

f(lale) = f([bls) = h(a) = h(b) = (a,b) € kerh = [a]y = [b]y.

Thus, fis injective.

To check f is surjective (onto) : Let y be an arbitrary element in the codomain i (A).
By definition of the image set, there must exist some a € A such that
h(a) = y. The element [aly is in the domain As; /6, and by our definition of f, we
have f([alg) = h(a) = y. Thus, for any element y in the codomain, we have found
a preimage. So, f is surjective.

Therefore, f is a well-defined, bijective generalized homomorphism, it is
a generalized isomorphism. The uniqueness follows from the construction. This
completes the proof. O
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Corollary 4.1.9. (Generalized Homomorphic Image Theorem.)
If a generalized homomorphism h : Ay — DBy is surjective, then
Ag / ker h = Bg.

Proof. This is a direct consequence of Theorem . If h is surjective, then its
image is the entire codomain, i.e., i(.Ay;) = By. The theorem then directly states
that Az/ ker h = Bg. ]

4.2 Congruence Relations

Definition 4.2.1. (Compatibility in Generalized Sigma Algebras)

Let Abe a set, let § be an equivalence relation on A, and let fg‘j cAY A
be a generalized operation.

We say that fg‘j is compatible with 6 if for all functions a, 3 € A*J, the
following implication holds:

If (a(0),B(0)) € G forall o € X;, then (fg‘j(a),fgj(ﬁ)) €.

Remark 4.2.2. (From Congruences to General Relation Preservation)

The concept of compatibility, which is central to the definition of a
congruence, is a specific instance of a more general and powerful idea in universal
algebra: Relation preservation. While congruences deal exclusively with equiv-
alence relations, the notion of an operation being compatible with a relation can
be extended to any arbitrary relation.

This broader perspective allows us to characterize algebraic structures not
only by their congruences but also by the entire set of relations they preserve.
To illustrate this, let us examine the compatibility of an operation with a non-
equivalence relation, specifically the subset relation (C).

Example 4.2.3. (Compatibility on a Classical Algebra)

Let’s use a classical algebra from example 3.1.1 to illustrate the definition
of compatibility.

First we will defined the classical algebra as follows : Let base set
A = {a,b, c} and a single binary operation g : A*> — A defined as the first projec-
tion

g(u,v) :=u forallu,v € A.
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A = (A; g). Next we will define an equivalence relation on A. Let 6 be an
equivalence relation on A that partitions the set into two classes: {a} and {b, c}.

0 :=AsU{(b,c),(c,b)}.

where Ay = {(a,a), (b,b),(c, ¢)} is the identity relation. We will verification that
¢ is an equivalence relations, we must first verify that the defined relation 6 is
indeed an equivalence relation. First, let’s explicitly list the elements of 0. Given
A ={a,b,c}:

0=A,U {<b’ C)a (Cu b)} i {(a7 CL), (b7 b)v (Ca C)? (bv C)7 (Ca b>}

We now check the three required properties.

Reflexivity: We must show that for every element = € A, the pair (z, x) is in 6.
e Forz = a: (a,a) € 0 (since itis in Ay).
e Forz =b: (b,b) € 0 (since it is in Ay).
e Forxz =c: (c,c) € 0 (since it is in A 4).

The relation is reflexive.

Symmetry: We must show that if (z,y) € 6, then (y, ) must also be in §. We only
need to check the non-diagonal pairs. Let (b, c) € 6. We have (¢, b) € 6.

The other non-diagonal pair is (¢, b), whose symmetric counterpart (b, c) is in the
set. Hence the relation is symmetric.

Transitivity: We must show that if (z,y) € 6 and (y,2) € 6, then (x, z) must also
be in 0. We check all non-trivial. Let: (b,¢) € 6 and (c,b) € 6. This requires that
(b,b) € 6. and let (c,b) € § and (b, ¢) € §. This requires that (c,c) € 6.

Other cases, like (b,0) and (b, ¢), require (b, ¢) € 6, which is trivially true. So we
have checked all necessary cases. The relation is transitive.

Since the relation 6 is reflexive, symmetric, and transitive, it is a valid
equivalence relation on the set A. The equivalence classes (the partition) induced
by 6 are indeed {a} and {b, ¢}. There fore 6 is an equivalnce relation.

Last check for compatibility: To determine if § is a congruence relation on A, we
must check if the operation g is compatible with §. According to the definition of
compatibility for a binary operation, we must verify the following implication:

If (u1,uz) € 0 and (vy, vy) € 0, then does it follow that (g(uy,vy), g(uz, v2)) € 67
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* Let’s assume the premise is true: (u;, us) € 6 and (v, v2) € 6.

* Now we evaluate the conclusion. By the definition of our operation g:

- g(U17U1) = 1w

- g(U27U2) = U2
This is clear that (u;, us) € 6.

The implication holds true.
Since the operation g is compatible with the equivalence relation 6, we
conclude that @ is a congruence relation on the algebra A.

Example 4.24. (A Congruence on an Algebra with Uncountable Arity)
To illustrate the concept of a congruence relation, we will use the gen-
eralized sigma algebra defined in Example .
Let us recall the structure of our algebra Ay: The base setis A = {a,b, c}.
The index set for the operations is 2 = {1, 2}. The arity sets are the real intervals
¥, = [0,1] and Xy = [2, 3]. The fundamental operations are defined as:

o _Ja if (1) =1a
J [0,1] (¥) b otherwise.
b if(2) =D

A if (2)

¢ otherwise.

The resulting algebra is As = ({a, b, ¢}; (fi4, f5.9))-

We will define an equivalence relation : Let us define an equivalence
relation 6 on the base set A. For this example, we will consider the universal
relation, denoted by V 4. This relations relates every element to every other

element:
0=V, 4=AXxXA={ab,c} x{a,b,c}.

It is clear that V4 is an equivalence relation.

We will show that is compatibility: To determineif # = V 4 is a congruence
relation, we must verify that it is compatible with all fundamental operations of
As.

Fore f[él}: Let o, 8 : [0,1] — A be two functions. Assume that for all
o€ [0,1], (o), B(0)) € 6. Since @ = V 4, this premise is always true for any pair

of functions.
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We need to check if (f{ (), fi5.1(8)) € 0.

The outputs f[g"l](oz) and f[é,u (B) can only be a or b. Since all pairs from
{a, b} are in V 4, the pair of outputs will always be in 6. Thus, the condition holds.

For f§‘73]: Let a, 3 : [2,3] = A be two functions. Assume that for all 0 €
2,3], (a(0), B(0)) € 0. This is always true since § = V 4.

We need to checkif (f5 4 (a), fi3 5(5)) € 6.

The outputs f[‘§‘73] () and f[g‘yg] (B). can only be b or ¢. Since all pairs from
{b, c} are in V4, the pair of outputs will always be in . Thus, the condition holds.

Since the compatibility condition holds for all fundamental operations,
we conclude that the universal relation § = V 4. is a congruence relation on this
generalized sigma algebra.

Definition 4.2.5. (Generalized Congruence Relations)

Let Ay := (A; ( fz’f}j ) ‘ Q) . be a generalized sigma algebra of type 7 :=
je

(|Z il GQ) . An equivalence relation § on A is called a generalized congruence relations
on Ay, if all the fundamental operations fg‘j are compatible with . We denote by
ConAs the set of all generalized congruence relations of the generalized sigma
algebra As.

For every generalized sigma algebra Ay;= (A; ( f§‘.> Q) ., the trivial
i/ e

equivalence relations:

Ay :={(a,a) | a € A} and V4 = A x A.

are congruence relations.
An algebra which has no congruence relations except A and V 4 is called
simple.

Theorem 4.2.6. (Intersection of Congruences)

Let ¢, and 0, be two generalized congruence relations on a generalized
sigma algebra Ay, = (A; ( fg‘j )jea). Then their set-theoretic intersection, 6, N 65, is
also a generalized congruence relation on Asy.

Proof. Let § = 6, N6,. To prove that 6 is a congruence relation, we must verify two
conditions: that 0 is an equivalence relation on A, and that it is compatible with
all fundamental operations of Asy.

To show that 6 is an Equivalence Relation:
It is a standard result from set theory that the intersection of two (or any
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number of) equivalence relations on a set is also an equivalence relation on that
set. Since both 6, and 6, are equivalence relations on A, their intersection 6 is also
an equivalence relation on A. (This covers reflexivity, symmetry, and transitivity
automatically).

To show that 6 is Compatible with Operations:

Let j € © be an arbitrary index, and let fEAj be the corresponding
fundamental operation. We need to show that fg‘j is compatible with 0.

Letvy : ¥; — Aand ¢ : 3; — A be two functions. We start with the
premise for compatibility, which is:

Assume that (¢)(0),p(0)) € 0 forall o € 3;.

Our goal is to prove that this implies (£}, (¢), f5 (¢)) € 0.
From our assumption and the definition of set intersection, the premise
(Y(0),¢(0)) € 61 N6, for all o € 3 is equivalent to two separate statements:

(@) (¢¥(0),¢(a)) €0, forall o € X;.
(b) (¢(0),¢(a)) € O forall o € ;.

Now, we use the fact that #; and 6, are generalized congruence relations.
So we have :

(i) Since 0, is a generalized congruence, it is compatible with fg‘j . From
statement (a), it follows directly that:

(@), FA(0) € 6,

(ii) Similarly, since 6, is a generalized congruence, it is compatible with ff‘j.
From statement (b), it follows directly that:

(A () F2 (). € 05

Since the pair (f},(¢); fs;, () belongs to both the
relation #; and the relation 65, it must, by definition, belong to their intersection,
01 N Os.
(fs, (W), f£, () € 611 6> = 6.

This concludes the check for compatibility. Since this holds for any
arbitrary operation fg‘j , the relation 6 is compatible with all operations of Asy..

Since 6, N 65 is both an equivalence relation on A and is compatible with
all operations of Ay, it is a congruence relation on Asy.. O
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Remark. This theorem can be extended by induction to show that the intersection
of any finite number of congruence relations is a congruence. Furthermore, it can
be shown that the intersection of any (possibly infinite) collection of congruence
relations is also a congruence. This property is crucial as it guarantees that the
set of all congruences on an algebra, Con(.Ay,), forms a complete lattice under the
subset ordering.

Example 4.2.7. (Intersection of Congruences on a Non-trivial Algebra)

To provide a concrete illustration for Theorem , we will use the gen-
eralized sigma algebra previously discussed and define two distinct congruence
relations on it.

Let our algebra be Ay = (A; (f{}, f3')), where, base set: A = {a, b, c}.
Operations: f{! : AU — A is defined by

if(1)=a

b otherwise.

fw) =

fit o A3 — A is defined by

boifP(2) = b

¢ otherwise.

f5 (@) =

Defined two generalized congruence relations : ¢, (The Universal Relation):

Let 6, = V4, = A x A. As established in Example , the universal
relation is always a generalized congruence relations on any algebra.

Generalized congruence relations 6 :

Let’s define a non-trivial equivalence relation 6, that partitions A into the
classes {a} and {0, ¢}.

0 :=={(a,a), (b;b), (c,c), (b,c), (c,b)}
We must first verify that 6, is satisfying conditions of congruence relation.
(i) Equivalence Relation: 0, is clearly reflexive, symmetric, and transitive.

(ii) Compatibility with f{': Assume (v)(c),¢(0)) € 6, for all o € [0, 1]. We need
to show (f{1(¥), fi'(¢)) € 62. The output of f{! is always an element of {a, b}.
Let’s check the possible output pairs: (a,a), (a,b), (b, a), (b,b). None of these
pairs relate an element from the class {a} to an element from the class {b, c}.
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In fact, any pair of outputs from f;* will never be (b, ¢) or (c, b). Let’s be more
rigorous. If f{*() # f{*(¢), it must be that one is a and the other is b. For
this to happen, one input function (say /) must have ¢(1) = a, and the other
(p) must have (1) # a. Butif ¢(1) = b or p(1) = ¢, then (¢(1), (1)) = (a,b)
or (a,c), neither of which is in 6,. This contradicts our premise. Therefore,
if the inputs are related by 6, at coordinate 1, the outputs must be identical.
Thus, the operation is compatible.

(iii) Compatibility with f;': Assume (¢)(c), p(0)) € 6, forall o € [2, 3]. We need
to show (f5'(¢), f3'(¢)) € 2. The output of f3' is always an element of {b, c}.
Any pair of elements from this set, whether identical or not, is contained in
6, (e.g., (b,0), (c,c), (b, c),(c,b) € Bs). So, the compatibility condition always
holds.

Since 6, is an equivalence relation compatible with all operations, it is a
generalized congruence relation.

To show the intersection:
0 =0, N6,

Now we find the intersection of these two generalized congruences.
9:91092:VAH(92

The intersection of the universal relation with any other relation is simply that
other relation.

0 =0, = {(a,a),(b,b),(c,c),(b,c),(c,b)}.

To check the Intersection is a generalized congruence: According to theorem ,
the resulting relation  must also be a congruence. In our case, the intersection is
05 itself. Since we have already proven in Step 2 that 65 is a generalized
congruence relation, the theorem holds for this example. The intersection of the
two generalized congruences is indeed a congruence.

Theorem 4.2.8. (Arbitrary Intersection of Generalized Congruences)
Let Ay = (A;( fg‘j )jeq) be a generalized sigma algebra. Let {6 }.c; be any
non-empty family of generalized congruence relations on Ay, indexed by the set

i€l

I. Then their intersection,

is also a generalized congruence relation on Ay.
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Proof. To prove that 0 is a generalized congruence relation, we must verify two
conditions: that # is an equivalence relation on A, and that it is compatible with
all fundamental operations of As.

To show that 6 is an equivalence relation:

Itis a standard result from set theory that the intersection of any non-empty family
of equivalence relations on a set is also an equivalence relation on that set. Since
each ¢, for i € [ is an equivalence relation on A, their intersection 6 is also an
equivalence relation on A.

To show that 6 is compatible with operations:

Let j € Q2 be an arbitrary index, and let fg‘j be the corresponding
fundamental operation. We need to show that fg‘j is compatible with the
intersection 6.

Lety : ¥, - Aand ¢ : 3; — A be two functions. We start with the
premise for compatibility:

Assume that (¢(0), p(0)) € 0 forall o € %;.

Our goal is to prove that this implies (f5} (1), fs}, () € 0.
By the definition of an arbitrary intersection, our premise

(Y(o),p(0)) € ﬂ ¢; means that the pair belongs to every relation in the family.
i€l
That is, for any chosen index i € I, it must be true that:

(Y(o);e(o)) €0;,, forallo € X;.

Since each ¢, is a generalized congruence relation on Ay, it must be
compatible with the operation fg‘j . Therefore, the premise above directly implies
that the results of an operation are also related by 6,

(fgj (W» fgj (@)) € 6@'0'

Now, let’s review what we have shown. We picked an arbitrary index i,
from the index set I, and we proved that the pair ( fg‘j (v), fg‘j ()) belongs to the
relation 0,,. Since our choice of 7, was arbitrary, this conclusion must hold for all
v e 1.

This means that the pair ( fg‘j (v), fg‘j (p)) belongs to every single relation
¢; in the family. By the definition of intersection, this implies that the pair must
belong to their intersection:

), 2 (0)) € (6 = 0.

el
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Since ﬂ ¢; is both an equivalence relation on A and is compatible with all
iel
operations of Ay, it is a generalized congruence relation on Asy.. O
Definition 4.2.9. (Quotient Algebra)
Let Ay, = (A;( ff‘j )jeq)., be a generalized sigma algebra, and let 6 be a
generalized congruence relation on Ay,. The quotient algebra of Ay, by 0, denoted
Ay /0, is a new algebra of the same type, defined as follows:

The Carrier Set (Universe):
The carrier set of the quotient algebra is the set of all f-equivalence classes of A4,
denoted by A/6.

AJ0 = {la)g | a € A}.

where [a]p = {b € A | (a,b) € 6}. is the equivalence class containing the element

a.

The Fundamental Operations :
For each operation index j € (2, we define a new operation fgj /* on the set A/6.
The domain of this new operation is the set of functions from ¥; to the new carrier
set, i.e., (A/0)%i.

Let ¥ : ¥; — A/6 be an arbitrary function in this domain. Each value
V(o) is an equivalence class. The operation f;‘ﬂ /% is defined by the following rule:

2/0(0) = [f5.(@)).

where ¢ : ¥; — A is any function chosen such that it represents ¥ on a
component-wise basis. That is, for every ¢ € 3, the element (o) is a repre-
sentative of the class W(0), i.e., [¢)(a)]s = V().

Remark. (Well-Definedness of the Operations)

A crucial point for this definition is to ensure that the operation f;‘] s
well-defined.  This means we must show that the resulting equivalence class
[ fg‘j (¢)]o. is the same, no matter which representative function ¢ we choose for
v,

Let ¢ and ¢ be two different functions that both represent . This means
that for all 0 € X;, we have [¢(0)]s = ¥(0). and [p(0)]s = ¥(0o). This implies that
[¢¥(0)]e = [p(0)]e, which is equivalent to (¢(c), p(c)) € O forall o € X;.

This is precisely the premise for the compatibility property of a
generalized congruence relation. Since 6 is a generalized congruence, it is
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compatible with fg‘j , S0 we can conclude:

(4 (), £ () € 0.

By the definition of an equivalence class, this means:

(£, @)]o = L1, (@)o-

This confirms that the output of the operation is independent of the choice of the
representative function, and therefore the operation f;lj /% is well-defined. This is
the very reason why the relation must be a generalized congruence and not just
any equivalence relation.

Theorem 4.2.10. (The Natural Homomorphism)
Let Ay, = (A;( fg‘j )jeq)- be a generalized sigma algebra and let 6 be a
generalized congruence relation on it. The mapping naty : A — A/6, defined by

natg(a) = [alg.

forall a € A,isasurjective generalized homomorphism from Ay, onto the quotient
algebra Ay, /6. This map is called the natural generalized homomorphism
(or canonical generalized homomorphism) associated with 6.

Proof. By its definition, the map naty is surjective, as every equivalence class [a]y
in the codomain A/ has at least one preimage, namely the element a itself.

To prove that naty is a generalized homomorphism, we must show that
for any operation index j € €2 and for any function ¢ : 3; — A, the following
condition holds:

naty(f& (1)) = f5° (naty o ).

We analyze both sides of the equation.

LHS : By the definition of the natural map, we apply naty to the element fg‘j (¢):

nato (@Y= [14,(4)lo

RHS : The input for the operation fgj /% is the composite function
U := naty o .
Let’s analyze this function V. For any o € ¥;, its output is

U(o) = naty((0)) = [¢(0)]p-
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Now we apply the definition of the operation in the quotient algebra (from
Definition ) to the input function V. The definition states that we can compute
the result by choosing any representative function for V. The function v itself is a
perfect representative for ¥, since [¢(c)]p = V(o). forall o € 3;.

Therefore, according to the definition of the quotient operation:

$1000) = f2/%(naty o ) = [£5, ().

Since both the LHS and the RHS simplify to the same expression,
[ fg‘j (¢)]o, the homomorphism condition is satisfied. Thus, naty is a surjective ho-
momorphism. u

Remark. A key consequence of this theorem is that the kernel of the natural ho-
momorphism, ker(naty), is the congruence relation 6 itself.

Proof of the Remark. Let (a,b) € A x A.

(a,b) € ker(natyg). <= natg(a) = naty(b) (by definition of kernel)
< [a]g = [b]s (by definition of nat,)

— (a,b) €. (by property of equivalence classes)

This confirms that ker(naty) = 6. This fact is essential for the proof of the Homo-
morphism Theorems. O

Theorem 4.2.11. (Generalized Homomorphism Theorem)

Leth : Ay — By.and g Ay, — Cs. be generalized homomorphisms
between generalized sigma algebras of the same type, and assume that ¢ is sur-
jective.

A generalized homomorphism [ : Cs; — Bsy. satisfying the condition f o
g = h exists if and only if ker g C ker h.

Figure 4.2: The Generalized Homomorphism Diagram

Furthermore, if such a generalized homomorphism f exists, it satisfies the
following:
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(i) fisunique.
(ii) f isinjective if and only if ker g = ker h.
(iii) f is surjective if and only if A is surjective.

Proof. (=) Existence of f implies ker g C ker h.
Assume a homomorphism f : Cs, — By, exists such that f o g = h. Let (a4, az) be
an arbitrary pair in ker g.

(a1,a2) € kerg = g(a1) = g(az) (by definition of kernel)
= f(g(a1)) = f(g(az)) (applying the function f)
= (fog)(a1) =(fog)(az) (by definition of composition)
= h(ay) = h(ay) (since fog=h)
— (a1,az) € kerh. (by definition of kernel)

Since any pair in ker ¢ is also in ker 2, we conclude that ker g C ker h.

(<) ker g C ker h implies Existence of f.
Assume ker g C ker h. We must construct the map f and show it is a well-defined
homomorphism.

1. Definition of the map f. Let ¢ be an arbitrary element of the set C'. Since g
is surjective, there exists at least one element a € A such that g(a) = ¢. We define
the map f : C' = B as follows:

f(¢) == h(a) where ais any element such that g(a) = c.

2. fiis well-defined. We must show that the definition of f(c) isindependent
of the choice of the preimage a. Suppose ai,a; € A are two elements such that
g(ar) = cand glas) = c.

g(ar) =glas) = (a1, a9) € kerg (by definition of kernel)
= (ay,as) € kerh (by our assumption kerg C ker h)
= h(ay) = h(aa). (by definition of kernel)

This shows that the value of i (a) is the same for all possible choices of a. Thus, f
is well-defined.

3. f is a homomorphism. Let j € ¥and let ® : ¥, — C be a function. We
need to show f(f{ (®)) = f&(f o ®). Since g is surjective, for the function @,
there exists a representative function ¢ : ¥; — A such that g o ¢ = ®. Now, let’s

evaluate the left-hand side (LHS): f(fgj(fb)) = f(fgj (gow)) = f(g (fz (v))). By
the definition of f, this becomes h( fglj (1)). For the right-hand side (RHS): We first
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analyze the function f o ®. Forany o € ¥;, (f o ®)(0) = f(®(0)) = f(9(¢(0))).
By definition of f, this is h(3)(c)). So, the function f o ® is identical to h o 7). The
RHS is therefore f (f o ®) = f{ (h o). Since h is a generalized homomorphism,
we know that a(fs (¢)) = f (h.o9). Since LHS = RHS, we conclude that f is a

generalized homomorphism.

Last we proof of properties (i)-(iii).
(i) Uniqueness: Assume f1, fo are two generalized homomorphisms such that f; o
g = hand fy0g = h. For any ¢ € C, since g is surjective, there exists ana € A
with g(a) = e Then fi(e) = fi(g(a)) = h(a) and fo(c) = falg(a) = h(a). Thus
fi(e) = fa(c) for all ¢ € C, which means f; = f.

(ii) Injectivity: For the 'if and only if’ statement, we prove both directions.
(=) Assume f is injective. Let (a1,a2) € kerh, so h(a;) = h(az). This means
f(g(ar)) = f(g(az)). Since f is injective, g(a;) = g(az), which means
(a1,a2) € kerg. So kerh C kerg. Since we already know kerg C ker h, we have
ker g = ker h.

(<) Assume ker g = ker h. Let ¢y, ¢; € C such that f(¢;) = f(ea).
Leta;,ay € Abepreimages such that g(a;) = ¢; and g(az) = ¢. Then h(a;) = f(c1)
and h(ay) = f(c2). So h(a1) = h(ag), which means (a;,as) € ker h = kerg. This
implies g(a;1) = g(az), so ¢; = ¢5. Thus f is injective.

(iii) Surjectivity: (=) Assume f is surjective. For any b € B, there exists
c € Csuch that f(c) = b. Since g is surjective, there exists a € Asuch that g(a) = c.
Then h(a) = f(g(a)) = f(c) = b. This shows h is surjective. (<) Assume h is
surjective. For any b € B, there exists a € A such that h(a) = b. Let ¢ = g(a). Then
ce Cand f(c¢) = f(g(a)) = h(a) = b. This shows f is surjective. O

4.3 The Generalized Isomorphism Theorems

Isomorphisms are fundamental to algebra as they establish when two
structures are essentially identical. This section explores the three classical Iso-
morphism Theorems, which are cornerstones of the subject, adapted to the frame-
work of generalized sigma algebras. These theorems reveal deep structural rela-
tionships between subalgebras, quotient algebras, and generalized homomorphic
images.

4.3.1 The First Generalized Isomorphism Theorem

We have already established the most critical generalized isomorphism
theorem in the previous section on the Generalized Homomorphism Theorem.
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We restate it here for completeness.

Theorem 4.3.1. (First Generalized Isomorphism Theorem)

If h: As — Bs. is a generalized homomorphism, then the quotient
algebra of the domain by a kernel is generalized isomorphic to the image of a
generalized homomorphism.

Ag/kerh = h(AE)

4.3.2 The Second Generalized Isomorphism Theorem

The Second Generalized Isomorphism Theorem describes the structure
of a quotient algebra formed by a subalgebra and a congruence. It reveals how a
larger subalgebra “modded out” by a generalized congruence relates to a smaller
subalgebra.

Let Ay, be a generalized sigma algebra, S be a subalgebra of Ay, with
carrier set S, and ¢ be a generalized congruence on Ay,. We define the set SV § as
the set of elements in A that are related by ¢ to some element in S:

SVeo:={a€AlTse S, (a,s)€b}.

It can be shown that SV 6 is the carrier set of a subalgebra of .4y, which we denote
SVo.

Theorem 4.3.2. (Second Isomorphism Theorem)
Let Ay, be a generalized sigma algebra, let S be a subalgebra of Ay, with
carrier set S, and let 6 be a congruence on Ay. Then:

(i) Theset SV @ :={aec A|3dsc 9, (as)eb}.isthe carrier set of a subalgebra
of Ay, denoted S V 0.

(ii) The relation fg := 6 N (S x S)is a congruence on the subalgebra S.
(iii) The corresponding quotient algebras are isomorphic:

(SVH) /0= S/0s.

Proof. The proofs for parts (i) and (ii) involve straightforward checks of the defi-
nitions of subalgebra and congruence, and are omitted here for brevity. We will
focus on proving the isomorphism in part (iii).

The strategy is to cleverly define a surjective generalized homomorphism
from S onto (SV#)/6 and then apply the First Generalized Isomorphism Theorem.
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To define the map: Let’s defineamap h : S — (S V 0)/6 by the rule:
h(s) :=[s]g forallse S.

This map takes an element from the subalgebra S and maps it to its equivalence
class in the larger quotient algebra (S V 6)/6.

To show h is a generalized homomorphism: We must show that % is a generalized
homomorphism from the algebra S to (S Vv 0)/6. Let j € Q and let ¢ : ¥; — S be
a function.

h(f3, ()

—

12, (by definition of /)

= fg‘j (¥)]g- (since f* is the restriction of f*)
Now, consider the right-hand side, fgvo)/ ?(h o ¢). The function :
hov:%; = (SV0)/6.
maps o — [(0)]y. By the definition of a quotient operation,
15 o) = [ ().

Since LHS = RHS, h is a generalized homomorphism.

To show h is surjective: Let [z]y be an arbitrary element in the codomain (SV §)/6.
By definition of the set SV 0, this means there exists some element s € S such that
(x,s) € 6. This implies that [z]p = [s]s. The element s is in the domain S of our
map h. Then h(s) = [s]p = [z]g. We have found a preimage s € S for any element
[z]g in the codomain. Thus, h is surjective.

To determine the kernel of & : We now find the kernel of this generalized homo-
morphism h. Let 51,55 € 5.

(s1,82) € kerh <= h(s1) = h(ss) (by definition of kernel)
<= [51]o = [s2]s (by definition of h)

&= (s1,52)€0. (by property of equivalence classes)
Since s; and s, must both be in .S, the condition is that (s1, s5) € 6 and
(s1,82) € S x S.

This means ker h = 6 N (S x 5)., which is precisely the definition of 6.
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Apply the First Generalized Isomorphism Theorem: We have now established
thath : S — (SV0)/6. is a surjective generalized homomorphism with ker h = 5.
By the First Generalized Isomorphism Theorem (Theorem ), we have:

S/ kerh = h(S).
Substituting what we found:
S/0g=(SVv0)/0.

(Since h is surjective, its image 1(S) is the entire codomain (S V 6)/6).
This completes the proof of a generalized isomorphism. O



CHAPTER 5

CONCLUSION

This research has successfully achieved its primary goal: to introduce and
develop the foundational theory of generalized sigma algebras, a novel extension
of classical algebraic structures. By generalizing the notion of arity from a natu-
ral number to an arbitrary index set, this work provides a framework for study-
ing operations of potentially uncountable arities, thereby broadening the scope of
universal algebra.

The core contributions of this thesis are the rigorous definitions and sys-
tematic investigation of fundamental algebraic concepts within this new frame-
work. We have defined generalized sigma subalgebras, generalized congruence
relations, generalized homomorphisms, and generalized isomorphisms and have
proven that many of the cornerstones of classical algebra such as the Isomorphism
Theorems are preserved in this more abstract setting. The following sections pro-
vide a detailed summary of these new definitions and the key theorems that have
been established.

5.1 New Definition

1. Let A be a nonempty set, and let {2 be a any nonempty index set and let
Y ={%, : j € Q} nonempty index set. We defined fé“j : A% — A, where

A% = ] As+As=A forall g€ ¥,
Bex;
= {0:5;=»A]|a(8)€ A forallf c %}

We called f{}j . A% — Afor all j € Q the |- ary operation defined on A,
and is said to have arity |X,| . We let ( fg‘j )jeg be a function which assigns to
every element of () and |X;|-ary operation fg‘j defined on A% Then the pair
Ay = (A; < fé“j)jgg) is called (indexed) Generalized algebra (indexed by the
set ;) for all ¥; € X ; for all j € Q. The set A is called the base or carrier set

or universe of A and ( fg‘j ) is called the sequence of fundamental operations
Q

je
of A, for each j € Q) the index ¥; is called arity of ( fé_) . The sequence
J JE

T = (\Ej ; EQ) of all arities is called type of the generalized algebra. We use
the name Alg(X) for the calss of all algebras of a given type 7 := (|Zj\j €Q>.

59
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2. Let By, := (B ; ( fgj ) 'GQ) be a generalized sigma algebra of type
J

T = <]Zj| EQ) . Then an generalized sigma algebra Ay, := (A; (fg‘,) ) :
J J jEQ

is called a generalized sigma subalgebra of By, written as Ay, < By., if the

following conditions are satisfied:

(i) As:= (A; (f§j>jeg) . is an algebra of type 7 := <|Zj|j€Q> :
(ii) A C B.

(iti) Forallj € Q, f&|,s, = f3.
Then Ay, < Bs..

3. Let Ay = (4; (fg‘j)jeg) and By, = (B; (fgj)jeg) be generalized sigma
algebras of the same type. A mapping i : A — B is called a generalized
homomorphism from Ay, to By, if for every j € (2 and for every function
Y € A%, the following condition holds:

h (@) = (how)

where h o 9 denotes the function composition. This composition results in
a new function h o ¢ : ¥; = B, whichis a valid input for the operation fgj ,
and is defined by (h o ¢)(c) = h(¢)(0)) forall o € 3;.

4. If the function £ is bijective, that is both one-to-one (injective) and ”“onto”
(surjective), then the generalized homomorphism h : Ay, — By is called a
generalized isomorphism from Ay, onto By. An injective generalized homomor-
phism from Ay, into By is also called a generalized embedding of Ay, into By,.

5. A generalized homomorphism % : As, — Ay of a generalized sigma algebra
Ay into itself is called a generalized endomorphism of Ay, and a generalized
isomorphism h : Ay, — As, from As; onto Ay, is called a generalized
automorphism of As,.

6. Let As = (4; (fs},)jen) and By, = (B;(f)jen) be generalized sigma
algebras of the same type, and let h : A — B be a generalized
homomorphism. The kernel of a generalized homomorphism %, denoted by
ker h, is the binary relation on the base set A defined as follows:

ker h := {(a1,as) € A x A| h(ay) = h(az)}.
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Let Abe aset, let @ be an equivalence relation on 4, and let fg‘j : A% — Abea
generalized operation. We say that fEAj is compatible with 0 if for all functions
o, B € A%, the following implication holds:

If (a(0), B(0)) € O forall g € 5, then (/5 (a), fs,(8)) € 0.

. Let Ay, := <A; ( f{}j) EQ) be a generalized sigma algebra of type
J

T = (|Z il €Q>. An equivalence relation 6 on A is called a generalized
congruence relations on Ay if all the fundamental operations fg‘j are
compatible with 6. We denote by Con.Ay, the set of all generalized
congruence relations of the generalized sigma algebra Asy;. For every

generalized sigma algebra Ay; = (A; ( fg‘,) Q) , the trivial equivalence
J je
relations:

Ay:={(a,a)|a€ A} and V, = A x A.

are congruence relations.

A generalized sigma algebra which has no generalized congruence relations
except A4 and V 4 is called simple.

Let Ay = (4;( fg‘j )jeq) be a generalized sigma algebra, and let 6 be a gener-
alized congruence relation on As. The quotient algebra of Ay, by 0, denoted
As /0, is a new algebra of the same type, defined as follows: The Carrier Set
(Universe):
The carrier set of the quotient algebra is the set of all f-equivalence classes
of A, denoted by A/6.

A/0 = {lalg | a € A}.

where [alg.= {b € A | (a,b) € 0}. is the equivalence class containing the
elementa. The Fundamental Operations::

For each operation index j € €2, we definea new operation f;lj /” on the set
A/6. The domain of this new operation is the set of functions from ¥; to the
new carrier set, i.e., (A/0)%.

Let ¥ : 3; — A/60 be an arbitrary function in this domain. Each value ¥ (o)
is an equivalence class. The operation f;}j /% is defined by the following rule:

50(0) = £ ()]o-
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where ¢ : ¥, — A is any function chosen such that it represents ¥ on a
component-wise basis. That is, for every o € 3, the element () is a rep-
resentative of the class ¥ (o), i.e., [¥(0)]s = V(o).

New theorem

. Let By := (B; ( fg_) Q) be a generalized sigma algebra of type 7 :=
J jE

(|2j|jeﬂ> and let A C B, then Ay, := (A; (ff‘_) Q) is a generalized sigma
i/ je

subalgebra of By iff A is closed with respect to all the operations fgj for all

j € Q; thatis, if £ |,5,(0) € Aforall 0 € A*/ and forall j €

. Let By = (B; ( 15 ) 'eQ) be a generalized sigma algebra of type 7. The
7

non-empty intersection of any non-empty family of its generalized sigma
subalgebras, {A; x| k € I'}, is also a generalized sigma subalgebra of Bs,.

. Let Ay, By, and Cy, be generalized sigma algebra of type

T = <|Ej|jGQ > Then:

(l) If (AE < Bz) and (BZ < CE), then .AE < CZ;
(i) If (A C B C () and (Axg < Cx) and (By, < Cyx), then Ay, < By

. Let By := (B; ( 5 )jeg) be a generalized sigma algebra of type 7. The

non-empty intersection of any non-empty family of its generalized sigma
subalgebras, { A}y, | k € I'}, is also a generalized sigma subalgebra of Bs,.

. Let Ay, By, and Cy, be generalized sigma algebras of the same type.

(i) The identity map on A, denoted id4s : A — A, is a generalized
homomorphism from Ay, to Ay (i.e., a generalized endomorphism).

(ii) If A : Ay, = By, and k+ By, — Cs are generalized homomorphisms, then
their composition k o b+ A5, — Cy is also a generalized

homomorphism.

6. Let Ay, be a generalized sigma algebra. The set of all generalized

endomorphisms of Ay, denoted End(Ay), forms a monoid under the
operation of function composition (o).
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7. Let h : Ay, — By, be a generalized homomorphism between two generalized

10.

11.

12.

sigma algebras of the same type.

(i) A=A ( g‘j |47)jeq) is a subalgebra of Ay, then its image, the
algebra B’ = (h(A), (fgj |n(an)jeq), is a subalgebra of Bs..

(if) B = (B',( fgj |g7)jeq) is a subalgebra of By, then its preimage, the set
A" = h=(B'), is the carrier set of a subalgebra of Asy..

. If h : Ay — By is a generalized isomorphism between two generalized sigma

algebras, then its inverse map h~' : B — A is also an isomorphism from Bs.
to .AE.

. Let h : Ay, — By, be a generalized homomorphism. Then the quotient

algebra Ay/ ker h is isomorphic to the image algebra h(Ay). Specifically,
there exists a unique isomorphism

f: .AE/ ker h — h(.Az)

such that the following diagram commutes, i.e., h|imn) = fonat(ker h), where
nat(ker h) is the natural generalized homomorphism and A|im,) is the gener-
alized homomorphism h with its codomain restricted to its image.

If a generalized homomorphism % : As, — By is surjective, then

As,/ kerh = By,

Let Ay = (A;( fg‘j )jeq) be a generalized sigma algebra. Let {6;};e; be any
non-empty family of generalized congruence relations on Ay, indexed by
the set /. Then their intersection,

0= )b
el

is also a generalized congruence relation on Asy.

Let Ay = (A4;( fg‘j )jeq). be a generalized sigma algebra and let 6 be a
generalized congruence relation on it. The mapping naty : A — A/6,
defined by

natg(a) = [alg.
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for all a € A, is a surjective generalized homomorphism from As, onto the
quotient algebra Ay, /6. This map is called the natural generalized
homomorphism (or canonical generalized homomorphism) associated

with 6.

Leth: Ay — By.and ¢ : Ay — Cs. be generalized homomorphisms
between generalized sigma algebras of the same type, and assume that g
is surjective. A generalized homomorphism f : Cy — By. satisfying the
condition f o g = h exists if and only if ker g C ker h.

Figure 5.1: The Generalized Homomorphism Commute Diagram

Furthermore, if such a generalized homomorphism f exists, it satisfies the
following:

(i) fis unique.

(ii) f is injective if and only if ker g = ker h.

(iii) f is surjective if and only if & is surjective.

If h : Ay — Bs. is a generalized homomorphism, then the quotient
algebra of the domain by a kernel is generalized isomorphic to the image of
a generalized homomorphism.

Az/kel‘h = h(.Az))

Let Ay be a generalized sigma algebra, let S be a subalgebra of As with
carrier set S, and let.¢ be a congruence on Ay. Then:

(i) Theset S Vvl = {a e A|3s € S, (a,s) € O} 1is the carrier set of a
subalgebra of Ay, denoted S V6.

(ii) The relation 65 := 6N (S x ) is a congruence on the subalgebra S.

(iii) The corresponding quotient algebras are isomorphic:

(SV0)/628/0s.
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