Properties of some sets in bi-weak structure spaces

ILADA CHEENCHAN

A Thesis submitted in partial fulfillment of the requirements for
the degree of Master of Science in Mathematics
at Mahasarakham University
October 2019
All rights reserved by Mahasarakham University



Properties of some sets in bi-weak structure spaces

ILADA CHEENCHAN

A Thesis submitted in partial fulfillment of the requirements for
the degree of Master of Science in Mathematics
at Mahasarakham University
October 2019
All rights reserved by Mahasarakham University



The examining committee has unanimously approved this thesis, submitted
by Miss Ilada Cheenchan, as a partial fulfillment of the requirements for the Master

of Science in Mathematics at Mahasarakham University.

Examining Committee

......................................... Chairman

(Asst. Prof. Supunnee Sompong, Ph.D.) (Faculty graduate committee)

......................................... Committee

(Asst. Prof. Chokchai Viriyapong, Ph.D.)  (Advisor)

......................................... Committee

(Asst. Prof. Chawalit Boonpok, Ph.D.) (Co-advisor)

......................................... Committee

(Asst. Prof. Jeeranunt Khampakdee, Ph.D.) (Faculty graduate committee)

......................................... Committee

(Chalongchai Khanarong, Ph.D.) (Faculty graduate committee)

Mahasarakham University has granted approval to accept this thesis as a

partial fulfillment of the requirements for the Master of Science in Mathematics.

(Prof. Pairot Pramual, Ph.D.) (Asst. Prof. Krit Chaimoon, Ph.D.)

Dean of the Faculty of Science Dean of Graduate School



ACKNOWLEDGEMENTS

This thesis would not have been accomplished if without the help from
several people. First of all, I would like to thank Asst. Prof. Supunnee Sompong,
Asst. Prof. Jeeranunt Khampakdee and Dr. Chalongchai Khanarong for their kind
comments and support as members of my dissertation committee.

I express my deepest sincere gratitude to my advisor, Asst. Prof. Chokchai
Viriyapong and co-advisor, Asst. Prof. Chawalit Boonpok, who introduced me to
research. I am most grateful for their teaching and advice for their initial idea and
encouragement which enable me to carry out my study research successfully. I would
not have achieved this far and this thesis would not have been completed without all
the support that I have always received from them.

I extend my thanks to all the lecturers who have taught me.

I would like to express my sincere gratitude to my parents for their
understanding and help me for everything until this study completion. Finally, I
would like to thank all graduate students and staffs at the Department of Mathematics

for supporting the preparation of this thesis.

Ilada Cheenchan



i

anifzennagaluSgiaeslaseasedon

ect wianloam Iusu

USauan mmenaasimiiwiia @ adiamany

NITNAMIAUGN  {iomansnsd as. lsady Fosmad
HHuaanasd as. 1aa yoiln

N INYAY wiTinndonmasain Tidak 2562

UNANYD

v
[ va o o

umNIBil §iTvasiauounfaeutnuey IInMeweNLAzIEAnMILUKLY
5pfiaedlassaiiesen duandliiuanifnalsemeasamamii lasamgoids
lasumnsdneasmmnzauanilaluiligiiasslasainseulaslimaneunisisnmonen
uaﬂmnﬁyfumé’qﬁﬂmdmﬂﬂﬂqu bi-w-(A, 0) wagmolu bi-w-(A, 6) uulipiasdlase

d51990%

Md19n : LAY, LEANUILUY, LEAMIUDN, taalla bi-w-(A, 0), 1Eaiile

bi-w-(A, 6), UsaRasslaseassen



11

TITLE Properties of some sets in bi-weak structure spaces
CANDIDATE Miss Ilada Cheenchan
DEGREE Master of Science MAJOR Mathematics
ADVISORS Asst. Prof. Chokchai Viriyapong, Ph.D.,

Asst. Prof. Chawalit Boonpok, Ph.D.
UNIVERSITY Mahasarakham University YEAR 2019

ABSTRACT

In this research, the concepts of boundary sets, exterior sets and dense sets in
bi-weak structure spaces are introduced. Some properties of their sets are obtained.
In particular, some characterizations of closed sets in a bi-weak structure space using
boundary sets or exterior sets are obtained. Moreover, we introduce the notions bi-w-

(A, 6)-closure and bi-w-(A, §)-interior on bi-weak structure spaces.

Keywords : boundary set, exterior set, dense set, bi-w-(A, §)-closed sets,

bi-w-(A, 0)-open sets, bi-weak structure space.



Acknowledgements

Abstract in Thai

Abstract in English

Contents

Chapter 1

Chapter 2

Chapter 3

Chapter 4

Chapter 5
References

Biography

CONTENTS

Page

i

ii

jii

iv

Introduction 1
1.1 Background 1
1.2 Objective of the research 2
1.3 Objective of the research 2
1.4 Scope of the study 3
Preliminaries 4
2.1 Topological spaces 4

2.2

23

24

Boundary sets, Exterior sets and Dense sets in bigeneralized
topological spaces 10
Boundary sets, Exterior sets and Dense sets in biminimal
structure spaces 15

Bi-weak structure spaces 19

Boundary sets, exterior sets and dense sets in bi-weak

structure spaces 22
3.1 Boundary sets in bi-weak structure spaces 22
3.2 Exterior sets in bi-weak structure spaces 25
3.3 Dense sets in bi-weak structure spaces 28
On - bi-w-(A,0)-closed and bi-w-(A,()-open sets in bi-
weak structure spaces 31
4.1 On bi-w-(A;6)-closed and bi-w-(A, f)-open sets in bi-
weak structure spaces 31
Conclusions 45
52
55

v



CHAPTER 1

Introduction

1.1 Background

Topological space is the mathematical structure which consist of a set X, that we
were interested with the structure on X called topology. The structure contains () and
X and also satisfies the two properties that an arbitrary union of its elements belongs to
it and a finite intersection of its elements belongs to it. The members of topology are
called open sets and the complements of open sets are called closed sets. Moreover,
the closure operator and interior operator, which were defined by closed sets and open
sets respectively, were two important operators on the topology. In 2018, Boonpok
and others introduced closure and interior in another ways called (A, #)-closure and
(A, )-interior respectively, as well as defined (A, 0)-open set, s(A, #)-open set, p(A, 0)-
open set, a(A, 6)-open set, 5(A, 6)-open set and b(A, f)-open set, by using closure and
interior that mentioned before to be determinant and studied the properties of that set.

Recently, mathematicians studied another structures beside topology such as
minimal structure introduced by Popa and Noiri [10], and also introduced the idea about
generalized topology and weak structure which was discovered by Csaszar [7], [8]. In
addition, they also be studied on the space that has two structures. Kelly [9] introduced
bitopological spaces, Boonpok [3] introduced the idea about bigeneralized topological
spaces and Boonpok [2] also introduced biminimal structure spaces. Obviously, such
structures were generalization of topology which be able to expand the results from
topological space to another spaces. In the other word, that mean there are expansions
for closed sets, open sets, closure, interior and others on topological spaces to spaces
that were mentioned before. In 2011, Sompong [17] introduced about exterior sets
on biminimal structure spaces and studied some fundamental properties and Sompong
[15] introduced about boundary sets on biminimal structure spaces and studied some
fundamental properties. And in 2012 Sompong [16] introduced dense sets and studied
some fundamental properties of dense sets on biminimal structure spaces. Afterward,

in 2013 Sompong [12] introduced the idea about some fundamental properties of dense



sets on bigeneralized topological spaces. In the same year, Sompong and others [14]
introduced the idea about some fundamental properties exterior sets on bigeneralized
topological spaces and Sompong [13] also introduced the idea about boundary sets
and studied some fundamental properties on bigeneralized topological spaces. In 2017,
Puiwong and others [11] introduced new space, which consists of a nonempty set X
and two weak structures on X. It is called a bi-weak structure space or briefly a
bi-w space. Some properties of closed sets and open sets are studied in this space.
Furthermore, some characterizations of weak separation axioms are obtained.

In conclusion, researcher was interested to expand the idea of dense sets, exterior
sets and boundary sets on a bi-weak structure space and expand the idea about (A, 0)

from topological space to a bi-weak structure space.

1.2 Objective of the research

The purposes of the research are:

1. To construct and investigate the properties of dense sets exterior sets and

boundary sets on bi-weak structure spaces.

2. To construct and investigate the ptoperties of (A, 6)-closure and (A, §)-interior

operators on bi-weak structure spaces.

3. To construct and investigate some closed and open sets determined by (A, 0)-

closure or (A, 6)-interior on bi-weak structure spaces.

1.3 Objective of the research

The research procedure of this thesis consists of the following steps:
1. Criticism and possible extension of the literature review.
2. Doing research to investigate the main results.

3. Applying the results from 1.3.1 and 1.3.2 to the main results.



1.4 Scope of the study

The scopes of the study are: studying some properties of dense sets, exterior sets and

boundary sets on bi-weak struc : And studying (A, #)-closure and (A, 6)-

interior operators in bi




CHAPTER 2

Preliminaries

In this chapter, we will give some definitions, notations, dealing with some preliminaries

and some useful results that will be duplicated in later chapter.

2.1 Topological spaces

The essential properties were distilled out and the concept of a collection of open sets,

called a topology, evolved into the following definition:

Definition 2.1.1. [1] Let X be a set. A topology 7 on X is a collection of subsets

of X, each called an open set, such that

1. () and X are open sets;
2. The intersection of finitely many open sets is an open set;

3. The union of any collection of open sets is an open set.

The set X together with a topology 7 on X is called a topological space, denote
by (X, 7).

Thus a collection of subsets of a set X is a topology on X if it includes the empty
set and X, and if finite intersections and arbitrary unions of sets in the collection are

also in the collection.

Theorem 2.1.2. [1] Let (X, 7) be a topological space. The following statements about

the collection of closed sets in X hold:

1. § and X are closed.
2. The intersection of any collection of closed sets is a closed set.

3. The union of finite many closed sets is a closed set.

Definition 2.1.3. [1] Let A be a subset of a topological space X. The interior of
A, denoted Int(A), is the union of all open sets contained in A. The closure of A,

denote CI(A), is the intersection of all closed sets containing A.
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Clealy, the interior of A is open and a subset of A, and the closure of A is closed
and contain A. Thus we have the aforementioned set sandwich, with A caught between
an open set and a closed set: Int(A) C A C CI(A).

The following properties follow readily from the definition of interior and closure.
Theorem 2.1.4. [1] Let (X, 7) be a topological space and A and B be subsets of X.

1. If U is an open set in X and U C A, then U C Int(A).

2. If C is an closed set in X and A C C, then CI(A) C C.

3. If AC B then Int(A) C Int(B).

4. If A C B then CI(A) C CI(B).

5. Ais open if and only if A = Int(A).

6. A is closed if and only if A= CI(A).

Theorem 2.1.5. [1] For sets A and B in a topological space X, the following

statements hold:
1. Int(X — A) =X — Cl(A).
2. CU(X = A) = X — Int(A).
3. Int(A)U Int(B) C Int(AU B), and in general equality does not hold.
4. Int(A) N Int(B) = Int(ANB).

Definition 2.1.6. [18] Let (X, 7) be a topological space and A C X. A point x € X
is called a A-cluster point of A if ANCI(U) # () for every open set U of X containing

x. The set of all #-cluster points of A is called #-closure of A and is denoted by
Clp(A).

Definition 2.1.7. [18] A subset A of a topological space (X, 7) is called #-closed if
A = Cly(A). The complement of a f-closed set is said to be f-open. The family of
all f-open sets in a topological space (X, 7) is denoted by 0(X, 7).



Definition 2.1.8. [18] The union of all f-open sets contained in A is called the
f-interior of A and is denoted by Inty(A).

Proposition 2.1.9. [18] Cly(V) = CI(V) for every open set V of X.
Proposition 2.1.10. [18] Cly(B) is closed in (X, 7) for every subset B of X.

Definition 2.1.11. [6] Let A be a subset of a topological space (X,7). A subset
Ag(A) is defined to be the set N{O € §(X,7)| A C O}.

Lemma 2.1.12. [6] For subsets A, B, and A; (i € I) of a topological space (X, ),
the following properties hold:

1. A C A(A).

2. If AC B, then Ag(A) C Ay(B).

3. Ag(Ag(A)) = Ag(A).

4. N(N{Aili € I}) € N{Ag(A)li € I}.
5. Ag(U{Ai]i € I}) = U{g(A))]i € T}

Definition 2.1.13. [6] A subset A of a topological space (X, 7) is called a Agy-set if
A= Ayg(A).

Lemma 2.1.14. [6] For subsets A and A; (: € I) of a topological space (X, 7), the

following properties hold:
1. Ag(A)is a Ag-set.
2. If A isa 6-open, then A is a Ay-set.
3. If A; is a Ag-set for each i € [, then M;e; A; is a Ag-set.
4. If A; is a Ay-set for each i € [, then U;c;A; 1s a Ag-set.

Definition 2.1.15. [6] Let A be a subset of a topological space (X, 7).



1. A is called a (A,0)-closed set if A =T NC, where T is a Ag-set and C' is
a f-closed set. The complement of a (A,6)-closed set is called (A,6)-open.

The collection of all (A, #)-open (resp. (A, #)-closed) sets in a topological space
(X, 1) is denoted by AgO(X, 7) (resp. AgC (X, 7)).

2. A point z € X is called a (A, 6)-cluster point of A if for every (A, 6)-open set
U of X containing x, we have ANU # (). The set of all (A, d)-cluster points
of A is called the (A, 6)-closure of A and is denoted by A9

Lemma 2.1.16. [6] Let A and B be subsets of a topological space (X, 7). For the

(A, 0)-closure, the following properties hold:
1. AC AN,
2. AW =A{F|AC F and F is (A,6)-closed}.
3. If AC B, then AN C B9,
4. AN s (A, 0)-closed.

Lemma 2.1.17. [5] Let A be a subset of a topological space (X, 7). Then the following

properties hold:
1. If Ais (A, 0)-closed, then A = Ag(A) N Cly(A).
2. If A is O-closed, then A is (A, 6)-closed.
3. If A; is (A, 0)-closed for each i € I, then N;esA; is (A, 0)-closed.

Lemma 2.1.18. [4] For a subset A of a topological space (X,7), z € AN if and
only if U M A £ for every (A, 6)-open set U containing x.

Definition 2.1.19. [4] Let- A be a subset of a topological space (X, 7). The union of

all (A, 0)-open sets contained in A is called the (A, 6)-interior of A and is denoted

by A(Aﬁ).

Lemma 2.1.20. [4] Let A and B be subsets of a topological space (X, 7). For the

(A, )-interior, the following properties hold:



1. Apg C A.

2. If AC B, then Axp) € Bag)-

3. Ais (A, 0)-open if and only if Axg) = A.
4. Arp is (A, 6)-open.

Next we will recall the notions of s(A, §)-open, p(A,#)-open, a(A,6d)-open and
B(A, 6)-open sets.

Definition 2.1.21. [4] A subset A of a topological space (X, 7) is said to be:
1. s(A,0)-open if A C [Ap )™
2. p(A,0)-open if AC[AND] 4 ;
3. a(A,0)-open if AC [[Ann] D) n0 ;
4. B(A,6)-open if A C [[A(A’G)}(Aﬂ)](‘w).

The family of all s(A, 6)-open (resp. p(A, #)-open, a(A, 6)-open, B(A, §)-open) sets in
a topological space X, 7 is denoted by sAyO(X,7) (resp. pAgO(X,7), aNgO(X, T),
/BAQO(X, 7'))

Definition 2.1.22. [4] The complement of a s(A, 6)-open (resp. p(A, #)-open, a (A, 0)-
open, B(A,@)-open) set is said to be s(A,0)-closed (resp. p(A,0)-closed, «(A,0)-
closed, 3(A, 0)-closed).

The family of all s(A,68)-closed (resp. p(A,6)-closed, a(A,6)-closed, S(A,0)-
closed) sets in a topological space (X, 7) is denoted by sA,C(X, 7) (resp. pAyC(X,7T),
algC(X, 1), BAC(X,7)).

Proposition 2.1.23. [4] For a topological space (X, 7), the following properties hold:
1. ApO(X,7) C aMgO(X,7T) C sAgO(X,7T) C SAO(X,T) .
2. aMgO(X,7) CpAyO(X,7) C BAO(X,T) .

3. OéAgO(X, 7') = SAQO(X, 7') ﬂpAgO(X, 7') .



Definition 2.1.24. [4] A subset A of a topological space (X, 7) is said to be (A, 0)-
open (resp. (A, 6)-closed) if A = [AND] ;5 (resp. A = [Aap) D).

The family of all r(A,6)-open (resp. (A, 6)-closed) sets in a topological space
(X, 1) is denoted by rAyO(X,7) (resp. rAC(X,7)).

Proposition 2.1.25. [4] For a subset A of a topological space (X, 7), the following

properties hold:
1. Ais r(A,0)-open if and only if A = F, ¢ for some (A, f)-closed set F.
2. Ais 7(A,0)-closed if and only if A = U™ for some (A,#)-open set U.

Lemma 2.1.26. [4] For a subset A of a topological space (X,7), the following
properties hold:

1. [X - A](A’g) =X - A(A’G).
2. [X =AM = X — App).

Proposition 2.1.27. [4] For a subset A of a topological space (X, 7), the following
properties hold:

1. Ais s(A,0)-closed if and only if [AX9)], 4 C A.
2. Ais p(A,0)-closed if and only if [A(A’g)](A’e) C A.
3. Ais a(A,0)-closed if and only if [[A9] yp]19 C A.
4. Ais B(A,6)-closed if and only if [[A(Aﬁ)](/"e)]mﬁ) CA.

Proposition 2.1.28. [4] For a subset A of a topological space (X, 7), the following
properties hold:

L. H[A(A’g)](A,G)](A’e)](z\,e) ~ [A(A’e)](A,e)].
2. H[A(A,e)](A’g)](Aﬁ)](Aﬂ) — [A(Aﬁ)](A’a)].

Proposition 2.1.29. [4] For a subset A of a topological space (X, 7), the following

properties are equivalent:

1. Ais r(A,0)-open.
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2. Ais (A, 0)-open and s(A, )-closed.
3. Ais a(A,0)-open and s(A, #)-closed.
4. Ais p(A,0)-open and s(A, #)-closed.
5. Ais (A, 0)-open and B(A, 0)-closed.
6. Ais a(A,60)-open and B(A, 0)-closed.

Corollary 2.1.30. [4] For a subset A of a topological space (X, ), the following

properties are equivalent:
1. Ais r(A,6)-closed.
2. Ais (A,0)-closed and s(A,#)-open.
3. Ais a(A, 0)-closed and s(A, )-open.
4. Ais p(A, #)-closed and s(A, #)-open.
5. Ais (A, 0)-closed and (A, 6)-open.

6. Ais aA,@)-closed and (A, 6)-open.

2.2 Boundary sets, Exterior sets and Dense sets in bigeneralized topological
spaces

Definition 2.2.1. [7] Let X be a nonempty set and ¢ C P(X). p is called a
generalized topology, briefly GT, on X if u satisfies the following properties.

1. 0 eqp.
2. If G, € pforall y €T, then | G, €
yel’

In this case, (X, u) is called a generalized topological space, briefly GTS. A is
p-open if A €y and A is p-closed if X — A € p.

Definition 2.2.2. [7] Let (X, ) be a GTS and A C X.

1. ¢,(A) =N{F|F is p-closed and A C F'}.



11

2. 1,(A) = U{G|G is p-open and G C A}.
Theorem 2.2.3. [7] Let (X, 1) be a generalized topological space. Then
L. cu(A) =X — i, (X — A).
2. 0, (A) =X =, (X =A).
Proposition 2.2.4. [7] Let (X, ;1) be a generalized topological space and A C X. Then
1. x €i,(A) if and only if there exists a p-open set V' such that z € V C A.
2. x € ¢,(A) if and only if V' N A # ( for every p-open set V' such that z € V.

Proposition 2.2.5. [7] Let (X, ) be a generalized topological space. For subsets A
and B of X, the following properties holds:

L. cy(X —A)=X —1i,(A) and 4,(X — A) = X — ¢, (A);

2. If (X —A) € p, then ¢,(A) = A and if A € p, then i,(A) = A;
3. If A C B, then c,(A) C ¢u(B) and 7,(A) C i,(B);

4. ACcu(A) and i,(A) C A;

5. culcu(A)) = cu(A) and i, (i (4)) = 1,(A).

Next, we will recall the concept of bigeneralized topological spaces and properties

(ifri-closed and p;u;-open sets in bigeneralized topological spaces.

Definition 2.2.6. [3] Let. X be a nonempty set and /17, uo be generalized toplogies
on X. A triple (X, g, u2) is called a bigeneralized toplogical space (briefly BGTS).

Let (X, 1, 42) -be a bigeneralized topological space and A a subset of X. The
closure of A and the interior of A with respect to y; are denote by ¢,,(A) and i,,(A),
respectively, for © =1, 2.

Next, let 7, j € {1,2} where 7 # j.

Definition 2.2.7. [3] A subset A of a bigeneralized topological space (X, p1, o) is
called pi;p5-closed if c,,(c,;(A)) = A, The complement of s;p-closed set is called

fui1;-open.
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Proposition 2.2.8. [3] Let (X, u1,/40) be a bigeneralized topological space and A
subset of X. Then A is y;uj-closed if and only if A is both p-closed in (X, p;) and

(X7/vbj)'

Proposition 2.2.9. [3] Let (X, iy, 2) be a bigeneralized topological space. If A and
B are p;puj-closed, then AN B is p;uj-closed.

Proposition 2.2.10. [3] Let (X, i1, p2) be a bigeneralized topological space. Then A
is p;puj-open if and only if A =i, (i,,(A)).

Proposition 2.2.11. [3] Let (X, 1, 112) be a bigeneralized topological space. If A and
B are p;p;-open, then AU B is y;/1;-open.

Next, we will recall the concept and some fundamental properties of boundary set

on bigeneralized topological spaces.

Definition 2.2.12. [13] Let (X, iy, pu2) be a bigeneralized topological space, A be
a subset of X and z € X. We called « is (i,j)-u-boundary point of A if x €
Cui(Cu; (A)) ey, (e, (X — A)). We denote the set of all (i, j)-u-boundary point of A
by puBdr;;(A).

From definition we have uBdr;;j(A) = c,,(cu,(A)) Ny, (e (X — A)).

Lemma 2.2.13. [13] Let (X, 111, uo) be a bigeneralized topological space and A be a
subset of X. Then pBdr;;(A) = pBdr;( X = A).

Theorem 2.2.14. [13] Let (X, u1, it2) be a bigeneralized topological space and A, B

be a subset of X. We have the following statements;
1. iBdry;(A) = ¢, (€ (A)) =i (i, (A));
2. uBdri;(A) N iy, (i, (A) = 0;
3. puBdrij(A) Ny, (1, (X =A)) = 0;
4. cpi(cy; (A)) = pBdrij(A) Uiy, (i, (A));

5. X =i, (1y,(X — A)) U pBdrij(A) Uiy, (i,,(A)) is a pairwise disjoint union.
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Theorem 2.2.15. [13] Let (X, 1, 12) be a bigeneralized topological space and A be
a subset of X. We have;

1. Ais p;pj-closed if and only if pBdr;;(A) C A.
2. Ais p;pj-openif and only if pBdr;;(A) € X — A.

Theorem 2.2.16. [13] Let (X, 11, o) be a bigeneralized topological space and A be
a subset of X. Then pBdr;;(A) =0 if and only if A is p,;uj-closed and p;f;-open.

Next, we will recall the concept and some fundamental properties of exterior set

on bigeneralized topological spaces.

Definition 2.2.17. [14] Let (X, 1, 2) be a bigeneralized topological space, A be a
subset of X and x € X. We called x is y;p;-exterior point of A if x € i, (i, (X —
A)). We denote the set of all fi;;-exterior point of A by pFExt;;(A).

From definition we have pFExt;j(A) = X — ¢, (cy; (A)).

Lemma 2.2.18. [14] Let (X, u1,2) be a bigeneralized topological space and A be a
subset of X. We have;

Theorem 2.2.19. [14] Let (X, i, p2) be a bigeneralized topological space and A, B
be two subsets of X. If A C B, then ukxt;;(B) C pExt;;j(A).

Theorem 2.2.20. [14] Let (X, 11, f12) be a bigeneralized topological space and A be
a subset of X. A is j,;pj-closed if and only if pExt;;(A) = X — A.

Corollary 2.2.21. [14] Let (X, i1, p2) be a bigeneralized topological space and A be
a subset of X. If A is p;p -closed, then pExt;;(X — uBwt;;(A)) = pExt;;(A).

Theorem 2.2.22. [14] Let (X, pu1, 12) be a bigeneralized topological space and A, B
be two subsets of X. We have; If A and B are p;p;-closed, then pFEuxt;;(A) U



14

Theorem 2.2.23. [14] Let (X, 1, 12) be a bigeneralized topological space and A be
a subset of X. A is y;puj-open if and only if pExt;;(X — A) = A.

Corollary 2.2.24. [14] Let (X, i3, 2) be a bigeneralized topological space and A, B
be subset of X. If A and B are yu;u;-open, then pEzt;;(X — (AUB)) = AU B.

Finally, we will recall the concept of dense sets on bigeneralized topological spaces

and some fundamental of their properties.

Definition 2.2.25. [12] Let (X, y1, 12) be a bigeneralized topological spaces, A be a
subset of X. A is called p;p;-dense set in X if X = ¢, (c,;(A)).

Theorem 2.2.26. [12] Let (X, 1, 12) be a bigeneralized topological space and A be
a subset of X. A is p;p; -dense set in X if and only if uExt;;(A) = 0.

Theorem 2.2.27. [12] Let (X, 111, u2) be a bigeneralized topological spaces and A be
a subset of X. If A is j;/1;-dense set in X then for any non-empty /;11;-closed subset
F of X such that A C I, we have F = X.

Theorem 2.2.28. [12] Let (X, i1, pu2) be a bigeneralized topological spaces and A be
a subset of X. If for any non-empty ji/t;-closed subset F' of X such that A C F,
then F' = X if and only if G N A # () for any non-empty fi;11;-open subset G of X.

Corollary 2.2.29. [12] Let (X, iy, p2) be a bigeneralized topological spaces and A be
a subset of X. If A is y;u;-dense set in X, then G N A # () for any non-empty p;;
-open subset G' of X.

Theorem 2.2.30. [12] Let (X, 11, o) be a bigeneralized topological spaces and A be
a subset of X, then pBdri(A) =¢,,(c,, (X —=A)) if and only if A.is y;/u;-dense set
in X.

Theorem 2.2.31. [12] Let (X, i1, p2) be a bigeneralized topological spaces and A
be a subset of X, then A is p;u;-open and fi;p;-dense set in X if and only if
,quT’Z'j (A) =X - A,
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2.3 Boundary sets, Exterior sets and Dense sets in biminimal structure spaces

Definition 2.3.1. [10] Let X be a nonempty set and P(X) the power set of X. A
subfamily m of P(X) is called a minimal structure (briefly m-structure) on X if
) €mand X € m

By (X, m), we denote a nonempty set X with an m-structure m on X and it is
called an m-space. Each member of m is said to be m-open and the complement of

an m-open set 1s said to be m-closed.

Definition 2.3.2. [10] Let X be a nonempty set and m an m-structure on X. For a

subset A of X, the m-closure of A and the m-interior of A are defined as follows:
L. cn(A)={F:ACF, X — Fem}
2. cn(A)=U{U : U C AU € m}.

Lemma 2.3.3. [10] Let X be a nonempty set and m a minimal structure on X. For

subset A and B of X, the following properties hold:
L. cp(X = A) =X —i,(A)and i, (X — A) = X — ¢,,(A).
2. If (X — A) € my, then ¢,,(A) = A and if A € my, then i, (A) = A.
3. cm(0) = 0,60 (X) = X, ip(0) =0 and 4,,(X) = X.
4. If A C B, then ¢,,,(A) C ¢p(B) and i, (A) C iy, (B).
5. A Cep(A) and i,,,(A) C A.
6. cm(em(A)) = en(A) and iy (i,(A)) = im(A).

Lemma 2.3.4. [10] Let X be a nonempty set with a minimal structure m and A a
subset of X. Then x € c,,(A) if and only if Un A # () for every U € m containing

X.

Definition 2.3.5. [10] An m-structure m on a nonempty set X is said to have

property B if the union of any family of subsets belong to m belong to m.

Lemma 2.3.6. [10] Let X be a nonempty set and m an m-structure on X sastisfying

property B. For a subset A of X, the following properties hold:
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1. A€ m if and only if 4,,(A) = A.
2. If A is m-closed if and only if ¢,;(A) = A.
3. im(A) € m and ¢, (A) € m-closed.

Next, we will recall the concept of biminimal structure spaces and some properties

of mymo-closed sets and m,ms-open sets in biminimal structure spaces.

Definition 2.3.7. [2] Let X be a nonempty set and m;, m, be minimal structures on
X. A triple (X, my, my) is called a biminimal structure space (briefly bi-m space).

Let (X,mq,ms) be a biminimal structure space and A be a subset of X. The
m-closure and m-interior of A with respect to m; are denote by c¢,,,(A) and i,,,(A),
respectively, for ¢ = 1, 2.

Next, let 4,j € {1,2} where i # j.

Definition 2.3.8. [2] A subset A of a biminimal structure space (X, mq,my) is called
mym;-closed if ¢, (cy;(A)) = A. The complement of m;mj-closed set is called

m;m -open.

Proposition 2.3.9. [2] Let m; and ms be m-structures on X satisfying property B.
Then A is a m;m; -closed subset of a biminimal structure space (X, m,ms) if and

only if A is both m;-closed and m;-closed.

Proposition 2.3.10. [2] Let (X, m;,my) be a biminimal structure space. If A and B

are m;m;-closed subsets of (X,my,m,), then AN B is m;m;-closed.

Proposition 2.3.11. [2] Let (X, ny,m2) be a biminimal structure space. Then A is a

m;m.;-open subset O mi,meo) 1f and only 1 = -l .
j-open subset of (X, ) if and only if A= iy, (im,(A))

Proposition 2.3.12. [2] Let (X;m;, my) be a biminimal structure space. If A and B

are m;m;-open subsets of (X, mq, my), then AU B'is M,;11j-Open.

Next, we will recall the concept and some fundamental properties of boundary set

in biminimal structure space.

Definition 2.3.13. [15] Let (X,m;,ms) be a biminimal structure space, A be a

subset of X and x € X. We called z is (i,j)-m-boundary point of A if z €
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Cm; (Cm; (A)) N e, (cm,; (X — A)). We denote the set of all (i, j)-m-boundary point of
From definition we have mBdr;;(A) = ¢, (Cm,;(A)) N Cm, (Cm,; (X — A)).

Lemma 2.3.14. [15] Let (X, m, ms) be a biminimal structure space and A be a subset

of X, then deT‘”(A) = deTU(X b | A)

Theorem 2.3.15. [15] Let (X, m;, my) be a biminimal structure space and A, B be a

subset of X. We have the following statements;
1. mBdrij(A) = com(Cmy(A)) = iy (im, (A));
2. mBdrij(A) N i, (im, (A)) = 0;
3. mBdrij(A) N, (im, (X — A)) = 0;
4. cm;(Cm;(A)) = mBdrij(A) Uiy, (im,; (A));
5. X =ty (im; (A)) UmBdrij(A) Uiy, (im; (X — A)) is a pairwise disjoint union;
6. Cm,(Cm;(A)) = mBdr;;j(A) UA.

Theorem 2.3.16. [15] Let (X, m,my) be a biminimal structure space and A be a

subset of X. We have;
1. A is mymj-closed if and only if mBdr;;(A) C A.
2. A is mymy-open if and only if mBdr;;(A) C (X — A).

Theorem 2.3.17. [15] Let (X, my,msy) be a biminimal structure space and A be a

subset of X. Then mBdr;;(A) = () if and only if A is m;m;-closed and m;m;-open.

Next, we ‘will recall the concept of dense sets in biminimal structure spaces and

some fundamental of their properties.

Definition 2.3.18. [16] Let (X, m,m2) be a biminimal structure space and A be a

subset of X. A is called m;m; -dense set in X if X = c,,,(cm,(4)).

Theorem 2.3.19. [16] Let (X,m,my) be a biminimal structure space and A be a
subset of X. If A is m;m -dense set in X then for any non-empty m,;m -closed subset

F of X such that A C F, we have ' = X.
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Theorem 2.3.20. [16] Let (X,m,my) be a biminimal structure space and A be a
subset of X. If i, (ip, (X — A)) = 0. then for any non-empty m;m;-closed subset F’
of X such that A C I, we have I' = X.

Theorem 2.3.21. [16] Let (X, mq,m3) be a biminimal structure space and A be a
subset of X. If A is m;m; -dense set in X, then G N A # () for any non-empty

m;m;-open subset G' of X.

Theorem 2.3.22. [16] Let (X,m,my) be a biminimal structure space and A be a
subset of X. If iy, (i, (X — A)) = 0. Then GN A # () for any non-empty m;m;-open
subset GG of X.

Theorem 2.3.23. [16] Let (X, m,ms) be a biminimal structure space and A be a
subset of X. If for any non-empty m,;m;-closed subset F' of X such that A C F’, then

F = X if and only if G N A # () for any non-empty m;m,-open subset G of X.

Theorem 2.3.24. [16] Let (X, m,my) be a biminimal structure space and A be a

subset of X. iy, (im,;(X — A)) =0 if and only if A is m;m -dense set in X.

Finally we will recall the concept and some fundamental properties of exterior set

in biminimal structure space.

Definition 2.3.25. [17] Let (X;m;, m2) be a biminimal structure space, A be a subset
of X and » € X. We called v is mym -exterior point of A if x € iy, (i), (X — A)).
We denote the set of all m;m; -exterior point of A by mEuxt;;(A).

From definition we have mBExt;j(A) = X — ¢, (cm, (A))-

Lemma 2.3.26. [17] Let (X, my,m») be a biminimal structure space and A be a subset

of X. We have;
1. mEzt;;(A)NA=0.
2. mEzt;(0) = X.
3. mEuxt;;(X) = 0.

Theorem 2.3.27. [17] Let (X, mq,m2) be a biminimal structure space and A, B be a
subset of X. If A C B, then mExt;j(B) C mExt;;(A).
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Theorem 2.3.28. [17] Let (X, m,my) be a biminimal structure space and A be a
subset of X. A is m;mj-closed if and only if mExt;;(A) = X — A.

Corollary 2.3.29. [17] Let (X, m;,my) be a biminimal structure space and A be a
subset of X. A is m;m;-open if and only if mFExt;;(X — A) = A.

Theorem 2.3.30. [17] Let (X,m,my) be a biminimal structure space and A be a
subset of X. If A'is m;m;-closed, then mEuxt;j(X — mExt;j(A)) = mExt;;(A).

Theorem 2.3.31. [17] Let (X, m,my) be a biminimal structure space and A, B be

two subsets of X. We have;
2. If A and B are m;m;-closed, then mExt;;(A) UmExt;;(B) = mExt;;(AN B).

Theorem 2.3.32. [17] Let (X, m,my) be a biminimal structure space and A, B be

two subsets of X. We have;

2. If A and B are m;m -open, then mExt;j(AU B) = mExt;;(A) N mEuxt;;j(B).
2.4 Bi-weak structure spaces

Definition 2.4.1. [8] Let X be a nonempty set and P(X) the power set of X. A
subfamily w of P(X) is called a weak structure (briefly 1V'S) on X if @ € w.

By (X, w) we denote a nonempty set X with a W.S w on X and it is called a
w-space. The elements of w are called w-open sets and the complements are called
w-closed sets.

Let w be a weak structure on X and A C X, the w-closure of A, denoted by
cw(A) and w-interior of A denoted by i, (A). We define ¢, (A) as the intersection of

all w-closed sets containing A and 7,,(A) as the union of all w-open subsets of A.
Theorem 2.4.2. [8] If wisa WS on X and A, B C X. Then
1. AC c¢,(A) and i,(A) C A;

2. If AC B, then ¢, (A) C ¢,(B) and i, (A) Ciy(B);
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3. cu(cw(A)) = cw(A) and iy (i, (A)) = i (A);

4. cy(X —A)) =X —iy(A) and 7,,(X — A) = X — ¢, (A);

5. x € i,(A) if and only if there is a w-open set V' such that x € V' C A;
6. = € ¢,(A) if and only if V N A # () for any w-open set V' containing z;
7. If A€ w, then A =1i,(A) and if A is w-closed, then A = ¢, (A).

Next we will recall the concept of bi-weak structure spaces and some fundamental

properties of closed sets and open sets in bi-weak structure spaces.

Definition 2.4.3. [11] Let X be a nonempty set and w;,ws be two weak structures
on X. A triple (X, w;,ws) is called a bi-weak structure space (briefly bi-w space).
Let (X, w;,wy) be a bi-w space and A be a subset of X. The w-closure and

w-interior of A with respect to w; are denoted by c,,,(A) and i, (4), respectively, for

j€{1,2}.

Definition 2.4.4. [11] A subset A of a bi-weak structure space (X, ws,w,) is called

closed if A = ¢, (cy,(A)). The complement of a closed set is called open.

Theorem 2.4.5. [11] Let (X, wy,ws) be a bi-w space and A be a subset of X. Then

the following are equivalent:
1. A is closed;
2. A=cy,, (A) and A = ¢y, (A);
3. A= cy (Cuy(A)).

Proposition 2.4.6. [11] Let (X, w;,wy) be a bi-w space and A € X. If A is both

wy-closed and wsy-closed, then A is a closed set in the bi-w space (X, wy, wy).

Proposition 2.4.7. [11] Let (X, wy,ws) be a bi-w space. If A, is closed for all
a € A #0, then () A, is closed.

aceA
Theorem 2.4.8. [11] Let (X, w;,ws) be a bi-w space and A be a subset of X. Then

the following are equivalent:
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1. A is open;

2. A == iwl (in (A))’

3. A=1iy,(A) and A =

4. A - i’wg (Zw



CHAPTER 3

Boundary sets, exterior sets and dense sets in bi-weak structure

spaces

In this section, we introduce the concepts of boundary sets, exterior sets and
dense sets in bi-weak structure space and study some fundamental properties. Next,
let 7,5 € {1,2} be such that ¢ # j.

In this chapter, we shall call closed and open in a bi-w space that bi-w-closed and

bi-w-open, respectively.
3.1 Boundary sets in bi-weak structure spaces

Definition 3.1.1. Let (X, w', w?) be a bi-w space, A be a subset of X and z € X.
We called z is a w;wj-boundary point of A if x € c,i(Cui(A)) N cpi(cwi (X — A)).
We denote the set of all w;w;-boundary points of A by wBdr;;(A).

Remark 3.1.2. From the above definition, it is easy to verify that wBdr;;(A) =
Cwi(Cw]’ (A)) N Cwi(ij (X — A))

Example 3.1.3. Let X = {1,2,3}. Define weak structures w' and w? on X as
follows: w! = {@,{1},{2,3}} and w* = {@, {3},{1,2}}. Hence wBdr;;({1}) = X
and wBdry ({1}) = {1, 2}.

I and w? on X as follows:

Example 3.1.4. Let X = R. Define weak structures w
w' = {@,{1},{2,3}} and w? = {@,{3},{1,2}}. Hence wBdr;5({1}) = X and

de’l“gl({l}) = X.

Lemma 3.1.5. Let (X, w';w?) be a bi-w space and A be a subset of X. Then

Proof. Since wBdr;j(X — A) = cyi(€wi(X — A)) N cyi(cwi (X — (X — A)))
and wBdr;;(A) = cui(Cwi(A)) Ncyi(cw (X — A)),

22
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Theorem 3.1.6. Let (X, w' w?) be a bi-w space and A C X. Then the following

statements hold;

1.
2.
3.
4,
5.
6.

Proof.

. iwi(iwj (A)) U de’I“ij(A) U %y (iwj (X — A))

wBdrij(A) = cyi(Cwi(A)) — w11 (A));

wBAr;;(A) Niyi(iwi(A)) = 2;

WBAr;;(A) Ny (i, (X — A)) = &5

Cowi(Cui(A)) = wBdrj(A) Uiy (iwi(A));

X = iyi(ti(A)) UwBdr;(A) Uiyi(i, (X — A)) is a pairwise disjoint union;

Cui(Cyi(A)) = wBdr;;(A) U A.

-
S
o
Q
o
.
=
[l
@)
IS
@)
g
s

. From (1), we obtain that

WBAr;;(A) M iy (i (A)) = [Cwi(Cwi(A)) = twi(Twi (A))] N iyi (i (A))

= Q.

WBAr(A) Mg (i (X= A)) = wBdryy (X = A) N iy (ii (X — A))

= .

. deT‘ij(A) U iwi (iwj (A)) = - [Cwi(ij (A)) N iwi (iwj (A))] U iwi (iwj (A))

= Cyi (ij (A)) U 2 (iwﬂ' (A))
= Cyi(Cui (A)).

Cwi(ij (A)) U iwi(iw]‘ (X - A))
wi(Cw]‘ (A)) U tqpi (X — Cyi (A))
= Cpi(Cwi(A)) U X — cyi(cyi(A))

I
o

= X.
By (2) and (3), we have wBdr;j(A) N i,i(i,(A)) = @ and wBdr;;(A) N
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Gi(1wi (X — A)) = 2.

Now, we will show that 7, (7,5 (A)) Niui(iwLw(X —A)) = .

Since 7y (7, (A)) € A and 44, (iyi (X — A)) C X — A,

we also have i, (1, (A)) N iy (iwi (X —A)) = 2.

Therefore X = yi(7,(A)) UwBdr;j(A) Utyi(i, (X — A)) is a pairwise disjoint

6. wBdri;(A) U A = [cyi(Cus (A)) M cyi(ces (X — A))]U A
= [cwi(cwi (A)) U A] N [cyi(cws (X — A)) U 4]
= Coi(Cus (A)) N [ews (X — is (A)) U 4]
= Cui (Cui (A)) DX — iui(iwi (4))) U A]
= Cui(Cwi(A)) N X
= Cyi(Coi (A)). O

Theorem 3.1.7. Let (X, w!, w?) be a bi-w space and A C X. Then
1. A is bi-w-closed if and only if wBdr;;(A) C A.
2. A is bi-w-open if and only if wBdr;;(A) C X — A.

Proof. 1. (=) Assume that A is bi-w-closed.
Thus ¢i(cpi(A)) = A, and so
wBdrij(A) N (X — A) = cuilewi(A)) N cyi(cw (X —A) N (X — A)
= AN cyilcyi (X — A)) N (X = A)
= .
Therefore wBdr;;(A) C A.
(<) Assume that wBdr;;(A) C A.
Thus wBdr;;(A)N (X —A) = @, and also i (Cui(A)) Neyi(Cwi (X =A))N (X —
A) =@.
Since X — A C cyi(eui (X — A)), we have ¢y i(c,i(A) N (X —A) = 2.
Then c¢,i(c,i(A)) C A.
But A C cyi(cyi(A)).
Consequently A = ci(cyi(A)).

Hence A is bi-w-closed.
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2. (=) Assume that A is bi-w-open.
Thus 4, (i, (A)) = A, and so wBdr;;(A)NA = cyi(Cyi(A)) Neyi(cwi (X —A))N
A = Cui(Ci(A) N (X — i (ii(A))) N A= cui(cui(A)N(X —A)NA=02.
Therefore wBdr;;(A) € X — A.
(<) Assume that wBdr;;(A) C X — A.
Thus wBdr;;j(A)N A =2,
and also ¢,i(c,i(A)) N Cwi(cwj(X —A))NA=2.
Then cyi(cyi(A)) N (X — iyi(iwi(A)) N A= 2.
Since A C ¢,i(cyi(A)),
we have (X — i, (iw(A)) NA=.
Thus A C 4y (7, (A)).
Clearly 4, (i, (A)) C A.
Consequently A = i, (i, (A)).
Hence A is bi-w-open. O

Theorem 3.1.8. Let (X, w! w?) be a bi-w space and A be a subset of X. Then
wBdr;;(A) = @ if and only if A is bi-w-closed and bi-w-open.

Proof. (=) Assume that wBdr;;(A) = @.

Thus we have wBdr;;(A) C A and wBdr;;(A) C X — A.

By Theorem 3.1.6, we have A is bi-w-closed and bi-w-open.

(<) Assume that A is bi-w-closed and bi-w-open.

By Theorem 3.1.6, we have wBdr;;(A) € A and wBdr;;(A) C X — A.

Therefore wBdr;;(A) CAN(X — A) =

Hence wBdr;;(A) = @. O

3.2 Exterior sets in bi-weak structure spaces

Definition 3.2.1. Let (X, w', w?) be a bi-w space, A be a subset of X and z € X.
We called x is a w'w?-exterior point of A if © € i, (i, (X — A)). We denote the set

of all w'w?-exterior points of A by wExt;;(A).

Remark 3.2.2. From the previous definition, it is easy to verify that wEuxt;;(A) =
X — Cwi(ij (A))
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Example 3.2.3. Let X = {1,2,3} Define weak structures w' and w? on X as
follows: w! = {@,{1},{2,3}} and w? = {@,{3},{1,2}}. Hence wEzt»({1}) =
X — cyilcwi ({1})) = @ and wExty; ({1}) = X — cui(cws ({1})) = {3}.

Lemma 3.2.4. Let (X, w', w?) be a bi-w space and A C X. Then

Proof. 1. Since A C cyi(cwi(A)), (X — cui(cwi(A)NAC (X —A)NA=2.
From wExt;j(A) = X — cyi(cwi(A)).

Therefore wExt;;(A) N A = @.

2. From (1), and wExt;;(X) C X, we have wEzt;;(X) = wEatij(X)NX =0. O

Theorem 3.2.5. Let (X, w', w?) be a bi-w space and A, B be two subsets of X. If
A C B, then wExt;;(B) C wExt;;(A).

Proof. Assume that A C B.
Thus Cwi(ij (A)) - sz’(ij (B)) and so X — Cwi(Cw]‘ (B)) - X — Cwi(Cw]’ (A))
Hence U)E.TtU(B> Q U)El’tw(A) O

Theorem 3.2.6. Let (X, w', w?) be a bi-w space and A be a subset of X. Then A is
bi-w-closed if and only if wEzt;;(A) =X — A.

Proof. (=) Assume that A is bi-w-closed.

Then A = c,i(cyi(A)).

Therefore wExt;;(A) = X — cui(cyi(A) =X — A.

(<) Assume that wEzt;;(A) = X — A.

Thus X — c,i(cw(4)) =X — A.

Consequently ¢,i(cyi(A)) =A.

Hence A is bi-w-closed. O]

Corollary 3.2.7. Let (X, w', w?) be a bi-w space and A be a subset of X. Then A is
bi-w-open if and only if wExzt;;(X — A) = A.
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Proof. (=) Assume that A is bi-w-open.

Thus X — A is bi-w-closed.

By Theorem 3.2.6, wEwt;;(X — A) =X — cpi(ci(X —A) =X — (X —A) = A
Therefore wExt;;(X — A) = A.

(<) Assume that wEzt;; (X — A) = A.

Then wExzt;j(X —A) = X — (X — A).

By Theorem 3.2.6. X — A is bi-w-closed.

Hence A is bi-w-open. O

Corollary 3.2.8. Let (X, w', w?) be a bi-w space and A be a subset of X. If A is
bi-w-closed, then wExt;;(X — wExt;;j(A)) = wExt;;j(A).

Proof. Assume that A is bi-w-closed.
By Theorem 3.2.6, wExt;;(A) = X — A.
Hence wExt; (X — wEaxt;;j(A)) = wExt;;(A). O

Theorem 3.2.9. Let (X, w', w?) be a bi-w space and A, B be two subsets of X. Then
l. wEzt j(A)UwExt;j(B) CwExt; (AN B).
2. If A and B are bi-w-closed, then wEzt;;(A) UwExt;;(B) = wExt;;(AN B).

Proof. 1. Since AN B C Aand AnB C B, by Theorem 3.2.5,
we have wEzt;;(A) C wExt;(ANB) and wExt;;(B) C wExt;;(AN B).
It follow that wExt;;(A) UwExt;;(B) C wExt;;(AN B).

2. Assume that A and B are bi-w-closed.
By Theorem 3.2.6, wExt;;(A) = X — A and wEzt;;(B) =X — B.
Moreover, AN B is bi-w-closed. By Theorem 3.2.6,
Thus wEzt;;(ANB) =X =(ANB)
= (X=A)U((X-1B)
=whlaxt;;(A) UwEat;j(B). O
Example 3.2.10. Let X = {1,2,3}. Define weak structures w' and w? on X as
follows: w! = {@,{1},{2,3}} and w? = {@,{2},{1,3}}. Hence wEzt;»({1} N
{2}) = X, and wEzt15({1}) = X — cpi(c2({1})) = @ and wEzt2({2}) = X —
cut(cw2({2})) = {1}. Therefore wExt12({1}) UwExt12({2}) # wExtp({1} N{2}).
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Corollary 3.2.11. Let (X, w', w?) be a bi-w space and A, B be two subsets of X. If
A and B are bi-w-open, then wEzt;;(X — (AUB)) =AU B.

Proof. Since A and B are bi-w-open.
Then A U B is bi-w-open.
By Corollary 3.2.7, we have wEzt;;(X — (AUB)) = AU B. O

3.3 Dense sets in bi-weak structure spaces

Definition 3.3.1. Let (X, w' w?) be a bi-w space. A subset A of X is called a
w'w-dense set in X if X = c,i(cyi(A)).

Example 3.3.2. Let X = {1,2,3}. Define weak structures w' and w? on X as follows:
w' ={@,{1,2},{1,3},{2,3}} and w? = {@, {1}, {3}, {2,3}}. Then c,1(c,2({3})) =
X and c,2(c1({3})) = {2,3}. Hence {3} is a w'w?-dense set in X but {3} is not

w?w!-dense set in X.

Theorem 3.3.3. Let (X, w', w?) be a bi-w space and A be a subset of X. If A is a
w'w’-dense set in X, then for any nonempty bi-w-closed subset F' of X, such that

A CF, we have I' = X.

Proof. Suppose that A is a w'w’-dense set in X and F is a bi-w-closed subset of X
such that A C F.

Since A is a w'w’-dense setin X, cyi(c,i(A)) =X.

By assumption, F' is a bi-w-closed set and A C F,

it follows that X = c,i(e,i(A)) C cyi(cwi(F)) = F.

Hence F = X. O

Remark 3.3.4. By the previous theorem, if A is a wiw’-dense set in X, then only F
is a bi-w-closed set in X such that containing A. Moreover, it is not true if £ is not

bi-w-closed. We can be seen from the following example.

Example 3.3.5. Let X = {1,2,3}. Define weak structures w' and w? on X as follows:
wh = {2,{1},{1,3}} and w? = {@,{1},{2},{1,3}}. Then c,i(c,2({1})) = X.

Hence {1} is a w'w?-dense set in X. But {1} is not bi-w-closed in X.
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Theorem 3.3.6. Let (X, w', w?) be a bi-w space and A be a subset of X. The

following are equivalent.
1. If F' is a non-empty bi-w-closed subset of X such that A C F, then F' = X.
2. GN A # @ for any non-empty bi-w-open subset G of X.

Proof. (1 = 2) Assume that if F' is a non-empty bi-w-closed subset of X such that
ACUF, then F = X.

Suppose that G N A = & for some non-empty bi-w-open subset G of X.

Thus A C X — (.

Since G is bi-w-open, X — G is bi-w-closed.

By assumption, we have X — G = X.

Therefore G = &, this is a contradiction.

Hence G N A # @ for any non-empty bi-w-open subset G' of X.

(2 = 1) Assume that 2 holds and F is a non-empty bi-w-closed subset of X such that
ACF.

Suppose that F # X.

Thus X — F' is a non-empty bi-w-open subset of X.

By assumption, we have (X — F) N A # .

This is contradiction with A C F.

Therefore F'= X. [

Corollary 3.3.7. Let (X, w', w?) be a bi-w space and A C X. If A is a w'w’-dense
set in X, then G N A # & for any non-empty bi-w-open subset G of X.

Proof. It follows from Theorem 3.3.3 and Theorem 3.3.6. il

Theorem 3.3.8. Let (X, w' w?) be a bi-w space and A be a subset of X. Then

G (17 (X —A)) = & if and only if A is a w'w’-dense set in X.

Proof. (=) Assume that 7, (i (X — A)) = 2.
Thus X — c,i(cyi(A)) = @, it follows that c,i(c,;(A4)) = X.
Therefore A is a w'w’-dense set in X.

(<) Suppose that A is a w'w’-dense set in X.
Then we have c¢,i(c,i(A)) = X, and also iy (i, (X —A)) = X —cui(cyi(A)) = 2. O



30

Theorem 3.3.9. Let (X, w', w?) be a bi-w space and A be a subset of X. Then A is

a w'w’-dense set in X if and only if wEzt;;(A) = 2.

Proof. (=) Suppose that A is a

Then we have wExt;;(/




CHAPTER 4

On bi-w-(A, 6)-closed and bi-w-(A, 0)-open sets in bi-weak

structure spaces

In this section, we introduce the concepts of bi-w-(A, #)-closed and bi-w-(A, 6)-
open sets in bi-weak structure spaces and study some fundamental properties.
In this chapter, we shall call closed and open in a bi-w space that bi-w-closed and

bi-w-open, respectively
4.1 On bi-w-(A, 6)-closed and bi-w-(A,0)-open sets in bi-weak structure spaces

Definition 4.1.1. Let (X, w', w?) be a bi-w space and A C X. The bi-w-closure of

A is defined as follows:
bi-c(A) = N{F | F is bi-w-closed and A C F'}.

Example 4.1.2. Let X = {1,2,3}. Define weak structures w' and w? on X as
follows: w' = {@,{1},{3},{1,2}} and w* = {@,{1},{2},{3},{1,3}}. Hence bi-
c’({1}) = {1,2}.

Remark 4.1.3. From the above definition, we obtain that A C bi-¢*(A) for all A C X.

Theorem 4.1.4. Let (X, w', w?) be a bi-w space and A be a subset of X. Then z €
bi-c*(A) if and only if ANU # @ for all bi-w-open set U containing .

Proof. (=) Assume that « € bi-¢”(A4).

Let U be a bi-w-open set containing .

We will show that AU # &.

Suppose that AN U = @.

Then AC X —U.

Since U is bi-w-open, X — U is bi-w-closed.

Then bi-¢”(A) C X — U, and so x € X — U.

This implies, z € UN (X — U) # @.

It is a contradiction with the fact that U N (X — U) = @.

31
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Hence ANU # @.

(<) Assume that = ¢ bi-c*(A).

Then there is a bi-w-closed set F' containing A such that = ¢ F'.

We shall show that there exists a bi-w-open set U such that x € U and ANU = &.
Choose U = X — F.

Then U = X — F' is bi-w-open.

Hence ANU=ANX-F)CFN(X—F)=@andze X - F=U. O

Theorem 4.1.5. Let (X, w!, w?) be a bi-w space and A be a subset of X. Then A is
bi-w-closed if and only if A = bi-c*(A).

Proof. (=) Assume that A is bi-w-closed.

Since bi-c¥(A) = N{F' | F is bi-w-closed and A C F'}, A C bi-¢*(A).

Since A is bi-w-closed, A € {F' | F' is bi-w-closed and A C F'}.

Hence N{F' | F is bi-w-closed and A C F'} C A.

Then bi-c*(A) C A.

Therefore A = bi-c(A).

(<) Assume that A = bi-c*(A).

Since bi-c(A) = N{F | F' is bi-w-closed and A C F'}, by Proposition 2.4.7, A is
bi-w-closed. [

Definition 4.1.6. Let (X, w', w?) be a bi-w space and A be a subset of X and r € X.
Then x € bi-¢j (A4) if and only if AN bi-c*(U) # & for all bi-w-open set U containing

x.

Definition 4.1.7. Let (X, w', w?) be a bi-w space and A be a subset of X. Then A
is called bi-wy-closed if and only if A = bi-cj’(A). The complement of bi-wy-closed

1s called bi-wg-open.

Example 4.1.8. Let X = {1,2,3}.  Define weak structures w' and w? on X as
follows: w' = {@,{1},{3},{2,3}} and w* = {2, {1},{2},{3},{1,3}}. Hence bi-
¢ ({2,3}) = {2,3}.

Theorem 4.1.9. Let (X, w', w?) be a bi-w space and A be a subset of X. Then
bi-c*(A) C bi-cj (A).
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Proof. Assume that = € bi-c*(A).

Then ANU # @ for all bi-w-open set U containing z.

From the fact that B C bi-c¢*(B) for all B C X, we obtain that ANbi-c*(U) # @ for
all bi-w-open set U containing x.

Hence z € bi-cj/(A).

This implies bi-¢*(A) C bi-cj (A). O

Example 4.1.10. Let X = {1,2,3}. Define weak structures w' and w? on X as
follows: w! ={g, {1},{3},{2,3}} and w? = {@, {1}, {2}, {3}, {1, 3}}.

Hence bi-c*({2}) = {2}, and bi-c§' ({2}) = {2, 3}.

Therefore bi-c*({2}) # bi-c§ ({2}).

Corollary 4.1.11. Let (X, w', w?) be a bi-w space and A be a subset of X. Then
A C bi-cj (A).

Proof. Since A C bi-c*(A) and bi-¢¥(A) C bi-cj(A), A C bi-¢j'(A). O

Lemma 4.1.12. Let (X, w!, w?) be a bi-w space and A, B be a subset of X. If A C B,
then bi-cy' (A) C bi-cy(B).

Proof. Assume that = ¢ bi-¢j(B).

Then there exists a bi-wg-open set G containing = such that B Nbi-cy (G) = 2.
Since A C B, ANbi-cf(G) = .

Thus x ¢ bi-cj (A).

This implies bi-cj'(A) C bi-cy (B). O

Theorem 4.1.13. Let (X, w',w?) be a bi-w space and {4; | i € J} be a family of
subsets of X. If A; is bi-wy-closed for all ¢ € J, then (| A4; is bi-wy-closed.

ieJ
Proof. Assume that A; is bi-wy-closed for all i € J.
Clearly, [ A; C bi-cy () A)).
i€ icJ
We will show that bi-cj/ ([} A4;) C VA, let A=A

icJ icJ

ieJ
Since A C A, for all i € J, bi-cj (A) C bi-cj(A4;) = A, for all i € J.
Thus bi-cj(A) C () A

ieJ
Hence () A; = bi-cj () 4i).
ieJ ieJ
Therefore () A; is bi-wy-closed. O

e
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Corollary 4.1.14. Let (X, w',w?) be a bi-w space and {G; | i € J} be a family of

subsets of X. If G; is bi-wg-open for all i € J, then J G; is bi-wy-open.
ieJ

Proof. Assume that G; is bi-wg-open for all ¢ € J.

Then X — G, is bi-wy-closed.

Thus X — U G; = (X = G;) is bi-wg-closed,

and so széj: X iE{X — UJGZ) is bi-wg-open. O
1€ 1€

Theorem 4.1.15. Let (X, w', w?) be a bi-w space and A be a subset of X. If A is

bi-wg-closed, then A is bi-w-closed.

Proof. Assume that A is bi-wg-closed.

Then A = bi-cj(A).

Since bi-c¢*(A) C bi-cy'(A), bi-c*(A) C A.

Hence A = bi-c(A).

Therefore A is bi-w-closed. ]

Definition 4.1.16. Let (X, w', w?) be a bi-w space and A be a subset of X. A subset
bi-w-Ay(A) is defined by

X, if Bi-wyO(A) = &;
bi—w—Ag(A) =

(Bi-wgO(A) if Bi-wyO(A) # &;
where Bi-wgO(A) = {G : G is bi-wg-open and A C G}.

Example 4.1.17. Let X = {1,2,3}. Define weak structures w' and w? on X as
follows: w! = {& {1}, {2}, {1,2}, X} and w? = {&,{1},{2},{1,2}, X}. Hence
bi-w-Ag({2}). = {2, 3}.

Lemma 4.1.18. Let (X, w', w?) be a bi-w space and A C X be a subset of X. Then
A g bl-w-Ag(A)

Proof. If Bi-wyO(A) = @, A C X =bi-w-Ay(A).
Assume that Bi-wyO(A) # @.
Since A C G for all G € Bi-wyO(A), A C (Bi-wyO(A) = bi-w-Ag(A). O
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Lemma 4.1.19. Let (X, w!, w?) be a bi-w space and G C X be a subset of X. If G

is a bi-wp-open set then bi-w-Ay(G) = G.

Proof. Assume that GG is bi-wy-open.
Clearly, G C bi-w-Ay(G)-
Since G is bi-wg-open, G € Bi-wyO(G), and so bi-w-Ay(G) C G. O

Lemma 4.1.20. For subset A, B and A;(i € J) of a bi-w space (X,w', w?), the
following properties hold :

1. If A C B, then bi-w-Ay(A) C bi-w-Ay(B);

2. bicw-Ag( bicw-Ag(A)) = bi-w-Ag(A);

3. bi-w-Ag(N{A4; | i € J}) C N{bi-w-Ag(4;) | i € J};
4. bi-w-Ag(U{A; | i € J}) = U{bi-w-Ag(4;) | i € J}.

Proof. 1. Assume that A C B.
If Bi-wgO(B) = @, bi-w-Ag(B) = X, and so bi-w-Ag(A) C bi-w-Ag(B).
Assume that Bi-wyO(B) # .
Then there exists a bi-wg-open set G' containing = such that B C G.
Since B C G and A C B, A C G, and so G € Bi-wyO(A).
Hence Bi-wyO(A) # @.
Moreover, Bi-wyO(B) C Bi-wgO(A).
Hence [ Bi-wy,O(A) C (Bi-wyO(B).
Therefore bi-w-Ay(A) C bi-w-Ay(B).

2. (€) Since bi-w-Ap(A) C G for all G € Bi-wyO(A), bi-w-Ag(bi-w-Ag(A)) C
bi-w-Ay(G) for all G € Bi-wyO(A).
This implies bi-w-Ag(bi-w-Ay(A)) € G for all G € Bi-wyO(A).
Hence bi-w-Ag( bi-w-Ag(A)) C bi-w-Ag(A).
(2) From Lemma 4.1.18, we have bi-w-Ag(A) C bi-w-Ay( bi-w-Ay(A)).
Then bi-w-Ag( bi-w-Ayg(A)) = bi-w-Ag(A).
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3. Let A= {4 |ieJ.
e

Since A C A; for all i € J, bi-w-Ag(A) Cbi-w-Ay(4;) for all i € J.
Hence bi-w-Ag(A) C [ {bi-w-Ag(A;) | i € J}.

icJ
4. (C) Assume that z ¢ |J{bi-w-Ag(A;) | € J}.
Then = ¢bi-u-Ay (A;) for all i ¢ J.
Thus for all ¢ € J, there is a bi-wp-open set G; such that A C G; and = ¢ G,.
Hence 2 ¢ [J G is bi-wy-open.
Since U AL & U Gi, 2 bi-w-Ag(U{A; | i € J}).

ieJ %

eJ
(D) It is clear that | J{bi-w-Ay(A;) | i € J} C bi-w-Ag(U{4; | i € J}). O

Definition 4.1.21. A subset A of a bi-w space (X, w!, w?) is called a bi-w-Ag-set if
A —bi-w-Ag(A).

Lemma 4.1.22. For subset A and A;(i € I) of a bi-w space (X, w', w?), the following
properties hold :
1. bi-w-Ag(A) is a bi-w-Ag-set;
2. If A is bi-wy-open, then A is a bi-w-Ag-set;
3. If A; is a bi-w-Ag-set for each i € J, then ()] A; is a bi-w-Ay-set;
ieJ
4. If A; is a bi-w-Ay-set for each i € J, then |J A; is a bi-w-Ag-set.
ieJ
Proof. 1. By Lemma 4.1.20 (2), we have bi-w-Ag(bi-w-Ag(A)) = bi-w-Ag(A).
Then bi-w-Ag(A) is a bi-w-Agy-set.

2. It follow from Lemma 4.1.19.

3. Assume that A; is a bi-w-Ag-set for-all i € J.
Then A; = bi-w-Ay(A;) for all i € J.
Let A= () A;.
Since A ZQEJAZ for all i € J, bi-w-Ayg(A) C bi-w-Ag(A;) = A; for all i € J.
Thus bi-w-Ag(A4) C () 4;, ie., bi-w-Ap([) 4;) € 1 As.

ieJ ieJ ieJ
It is clear that () A; C bi-w-Ag([) Ai)-
icJ icJ
Hence (] A; = bi-w-Ag([) 4)).
ieJ iceJ

Therefore () A; is a bi-w-Ay-set.
ieJ
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4. Assume that A; is a bi-w-Ay-set for all i € J.
Then A; = bi-w-Ay(A;) for all i € J.
By Lemma 4.1.20 (4), we have bi-w-Ag(|J 4;) = Ubi-w-Ag(4;) = J 4. O

icJ ieJ icJ

Definition 4.1.23. Let A be a subset of a bi-w space (X, w!, w?).

1. Ais called a bi-w-(A, 0)-closed set if A =T NC, where 1 is a bi-w-Ay-set and
C' is a bi-wy-closed set. The complement of a bi-w-(A, #)-closed set is called
bi-w-(A, 6)-open set. The collection of all bi-w-(A,f)-open (resp. bi-w-(A, 6)-
closed) set in a bi-w-space (X, w', w?) is denoted by bi-w-AgO(X, w', w?) (resp.
bi-w-AgC(X, w, w?)).

2. A point z € X is called a bi-w-(A, 0)-cluster point of A if for every bi-w-
(A,6)-open set U of X containing x, we have AN U # @. The set of all
bi-w-(A, §)-cluster points of A is called the bi-w-(A,0)-closure of A and is
denoted by bi-c{ 4 (A).

Remark 4.1.24. For a subset A of a bi-w space (X,w', w?), € bi-cf) ,(A) if and
only if U N A # & for every bi-w-(A, #)-open set U containing z.

Lemma 4.1.25. Let A and B be subset of a bi-w space (X, w',w?). For the bi-w-

(A, 0)-closure, the following properties hold :
1. A C b 4 (A);
2. bi-c{ g(A) = ({F'| A C F and F is bi-w-(A,0)-closed };
3. If AC B, then bi-cf) 5 (A) € bi=c(j ,(B);
4. If A; is bi-w-(A,€)-closed for each i € J, then [ A; is bi-w-(A,0)-closed;
i€j
5. bi-c{y py(A) is bi-w-(A;0)-closed.

Proof. 1. Assume that x € A.
Then ANU # @ for all bi-w-(A, §)-open set such that U containing z.
Thus x € bi-c(} 5 (A4).
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2. (C) Assume that © ¢ N{F' | F' is bi-w-(A, #)-closed and A C F'}.
Then there exists a bi-w-(A, §)-closed set F' such that A C F' and = ¢ F.
Thus X — F' is a bi-w-(A, f)-open and x € X — F.
Moreover, AN (X — F) = @.
Hence = ¢ bi-c(}y 5 (4).
(2) Assume that z ¢ bi-c{} 5 (A).
Then ANU = @ for some bi-w-(A,#)-open set U containing z.
Thus X — U is bi-w-(A, #)-closed and x ¢ X — U.
Moreover, A C X — U.
Therefore x ¢ N{F | F' is bi-w-(A,#)-closed and A C F'}.

3. Assume that A C B.
Suppose z & bi-c(} 5 (B).
Then there exists a bi-wg-open set G containing x such that G N B = &.
Since ACB,GNA=02,x ¢ bi—cz"Aﬁ)(A).
This implies bi-c{} 4 (A) € bi-c(} o (B).

4. Assume that A; is a bi-w-(A, #)-closed set for all i € J.
We will show that () A; is bi-w-(A, 0)-closed.

ieJ
For each i € J, there exist a bi-w-Ag-set T; and a bi-wy-closed set C; such that
Then () 7T; is a bi-w-Ag-set and () C; is bi-wy-closed.
ieJ i€J
Moreover, (1A, = ((LNC) = (1) N(N C).
i€ i€J ied icd
Then (] A; is bi-w-(A, 6)-closed.
icJ
5. It follows from (2) and (4). ]

Lemma 4.1.26. Let A be a subset of a bi-w space (X, w!, w?). Then A is bi-w-(A, 0)-
closed if and only if bi-c(} o (A) = A.

Proof. (=) Assume that A is bi-w-(A, 6)-closed.

Since bi-c(y o(A) = N{F | F is bi-w-(A, #)-closed and A C F'}, A C bi-c(} 5 (A).
Since A is bi-w-(A, 0)-closed, A € {F' | F' is bi-w-(A, §)-closed and A C F'}.
Hence N{F' | F is bi-w-(A,f)-closed and A C F'} C A.



Then bi-cE”Aﬂ)(A) C A.
Therefore bi-c{ 5 (A) = A.
(<) Assume that bi-cfj) \(A) = A.

Since

Definition 4.1.27. Let A be a subset of a bi-w space (X,w!, w?). The union of

all bi-w-(A, 0)-open sets contained in A is called the bi-w-(A,@)-interior of A and is

bi-c(} 5 (A) is bi-w-(A;6)-closed, A is bi-w-(A, §)-closed.

denoted by bi-if, o (A).

Lemma 4.1.28. Let A and B be subsets of a bi-w space (X, w!, w?). For the bi-w-

(A, 0)-interior, the following properties hold:

I.

2.

bi-ify o (A) C A;

If A C B, then bi-i(} ,(A) C bi-i(} 5 (B);
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]

3. If A; is a bi-w-(A, 0)-open set for all ¢ € J, then |J A; is a bi-w-(A, 0)-open set.

Proof.

€]
1. Let a € bi-if) 4 (A).
Then there exists a bi-w-(A, #)-open set O such that z € O C A.
Thus © € A.
Hence bi-if} , (A4) C A.

Assume that A C B.

Let x € bi-if) 4 (A).

Then there exists a bi-w-(A, 6)-open set O such that z € O C A.
Since A C B, 2z € O C B.

Hence z € bi-ify o (B).

Assume that A; is a bi-w-(A, #)-open set for all : € J.
Then X — A, is a bi-w-(A, §)-closed set for all i & J.

We will show that | J A; is a bi-w-(A, 6)-open set.
i€j

Thus (X — A;) = X — |J A4; is a bi-w-(A, 0)-closed set.
i€j i€
Hence | A; is a bi-w-(A, #)-open set.

€]

O

Lemma 4.1.29. For a subset A of a bi-w space (X, w!, w?), the following properties

hold;
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L. bivify o (X — A) = X — bicf) 5 (A).

2. bi-cl) o (X — A) = X —bi-if} » (A).

Proof. 1. (C) Let = € bi-i{ (X —A).
Then there exists a bi-w=(A, #)-open set V' containing x such that VC X — A
and so VNA=2.
By Remark 4.1.23, we have z ¢ bi-c{) 5 (X — A).
Hence z € X — bi-c{) 5 (X — A).
Therefore, bi-i(} o (X — A) C X — bi-c{} 4 (4).
(2) Let z € X — bi-c(} 5 (A).
Then z ¢ bi-c{} 4 (A), and so there exists a bi-w-(A, 6)-open set V' containing x
such that VN A = @.
Thus V. C X — A and so, x € bi-i

This implies that X — bi-cf}, ,(A)

g (X — A).
bi-if) g (X — A).
Consequently, we obtain bi-i{j o (X — A) = X — bi-c{} 5 (A).

w
(A7
C

2. It follows from (1). ]

Lemma 4.1.30. Let A be a subset of a bi-w space (X, w!', w?). For the bi-w-(A,0)-

interior, the following properties hold:
1. Ais bi-w-(A, 0)-open if and only if bi-i{} 5 (A) = A;
2. bi-if) (A) is bi-w=(A, 0)-open.
Proof. 1. (=) Assume that A is bi-w-(A, 6)-open.
Then X = A is bi-w-(A, 6)-closed.
Thus bi-c{} 5 (X —A) = (X =A).
Since bi-c{ 5(X — A) =X — bi-ify 5 (A) = X —A, and so bi-ify 4(4) = (A).
(<) Assume that bi-i(} , (4) = A.
By Lemma 4.1.28. (3), A is bi-w-(A,6)-open.

2. By Lemma 4.1.28. (3), bi-i( 4 (A) is bi-w-(A, §)-open. O

Lemma 4.1.31. For a subset A of a bi-w space (X, w!, w?), the following properties

hold;
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1. bi-cf} ) (bi-c{y 9)(A)) = bi-cfy 4 (A).
2. bi-if) 5 (bi-if} o (A)) = bi-if} o (A).

Proof. 1. Since bi—c}”Aﬂ) (A)is a bi-w-(A, )-closed, bi'CEUA,e) (bi_CEUA,Q)<A)) = bi‘CEUA,e) (A).
2. Since bi‘iZUA,e)(A) is a bi-w-(A, 0)-open, bi-i(y oy (bi—f(”A,e)(A)) = bi—z'z(”Aﬂ)(A). o

Proposition 4.1.32. For a subset A of a bi-w space (X,w!, w?), the following

properties hold;
L bi-ify g (bi-c{fy o) (bi-i{fy ) (bi'czUAﬁ)(A)))) = bi-i(} ) (bi‘CEUA,e) (4)).
2. bi-cfy ) (biiffy g (bi-c(y ) (bi-iy 9y(A)))) = bi-c{} g (bi-i{} 4)(A)).
Proof. 1. (C) Since bi-c{) 4 (bi-t{fy 5 (bi=c(} 5 (A))) C bi-cfjy 4(A), we obtain that
bi-i(() g (bi-c{y g) (bi-i{} g) (bi-c({) 9y(A)))) S bi-i{y gy (bi-c(y 6)(A))-

(2) Since bi-i{’y 5 (bi-c(}y 5 (A)) S bi=c(j ) (bi-ify o (bi-cf) 4 (A))), we have

bi-i(() g (bi-c{} ) (A)) = bi-if} g) (bi-i{(y g) (bi-c(} 5)(A)))
C bi-i(y ) (bi-c} g) (bi-1((y g) (Bi-c(y 5)(A))))-

Consequently, we obtain

bi-i{(x gy (bi-c{} 6)(A)) C bizigy o) (bi-c{ o) (bizify,g) (bi-c{y6)(A))))-

Thus. bi-i% g, (bi-C{y g (bi-ify g (i~ g (A)))) = bizify g (bi-cl) g5(A)).

2. () Since bi-ify o (bi=cfy g (biziy 6 (A))) T biscf} 5 (bi-ify o) (A)), we have
bi-c( ) (bi-iy ) (bi=c(y ) (bi-iy 4y(A)))) € bi-ciy gy(bisify ) (A))-
(2) Since bi-zy 5 (A) C bi-cf) ) (biify 4,(A)), then

bi-i{f) g)(A) = bi-i(y 4)(bi-i(} 4)(A))) € bi-ify g)(bi-c(y ) (bi-if} 4)(A))),
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we have

bi-c(y g)(bi-i(y g)(A)) C bi=c(y o) (bi-i() ) (bi-cy ) (bi-i{} 5)(A)))).

Consequently, we obtain

bi=c(y g)(bi-i(y g)(A)) C bi-c() o) (bi-i() ) (bi-c{y g (bi-i{} 5)(A)))).
Thus bi-cl, g (bi-it g (bi-ct) 4 (bi-ih 4 (A)))) = bi-ct) 4 (bi=it) 5 (A)). O
Definition 4.1.33. A subset A of a bi-w space (X, w!, w?) is said to be:
L. bi-w-s(A, 0)-open if A C bi-c{y 4 (bi-i{} 5 (A)).
2. bi-w-p(A, 0)-open if A C bi-i} 5 (bi-c(} 5 (A)).

The family of all bi-w-s(A,#)-open (resp. bi-w-p(A,#)-open) sets in a bi-w-space
(X, w!, w?) is denoted by bi-w-sAgO(X, z) (resp. bi-w-pAgO(X, z)).

Definition 4.1.34. The complement of a bi-w-s(A, 6)-open (resp. bi-w-p(A, #)-open)
set is said to be bi-w-s(A, f)-closed (resp. bi-w-p(A, §)-closed) set.

The family of all bi-w-s(A,6)-closed (resp. bi-w-p(A,)-closed) sets in a bi-w
space (X, w',w?) is denoted by bi-w-sAgC(X,2) (resp. bi-w-pAeC(X, 1)).

Proposition 4.1.35. In a bi-w space (X, w', w?), the following properties hold;

1. If A, is bi-w-s(A, #)-open for all i € J, then ] A; is bi-w-s(A, 6)-open.

icJ
2. If A; is bi-w-p(A,0)-open for all i € J, then UJAZ- is bi-w-p(A, ¢)-open.
i€
3. If A; is bi-w-s(A, 6)-closed for all i € J, then O}Ai is bi-w-s(A, #)-closed.
ic
4. If A; is bi-w-p(A, 0)-closed for all 7 € J, then ﬂJAi is bi-w-p(A, @)-closed.
i€
Proof. 1. Assume that A; is bi-w-s(A, 0)-open for all i € J.
Then A; C bi-c{} 4 (bi-if} 5 (A;)) forall i € J.

We will show that |J A; C bi-c{) 4 (bi-if} o (U 4))).

ieJ ieJ

Since bi-if) 4 (A;) C bi-if} 4 (ZL€JJ A;) for all i € J,
As  bicy g (b-if (A1) © bic g (biif (U A9) forall i € .



43

Hence J A; C bi-c{} ;) (bi-i Ae)(U A)).
Theref(;féf UJA is bi-w-s(A, 0)- open
1€
2. Assume that A; is bi-w-p(A, 8)-open for all i € J.
Then A; C bi-i{} 5 (bi=c(} 5 (A;)) for all i € J.
We will show that U A Cbi-ify ) (bi-c{) ) (U A;)).
Since bi-¢{} 4 (A:) C b1 (v 0) (U A;) for all i e J,
A; C biif) g (bi-cy 4(A)) C b1- (Ag)(bi-c Ae)(U A;)) for all i € J.
Hence ZLEJJA C bi-ifj 4 (bi- CAG)(U A;)).
Therefore iLEJJA is bi-w-p(A, 0)- open
3. Assume that A; is bi-w-s(A, #)-closed for all i € J.
Then X — A, is bi-w-s(A, #)-open.
Thus X — () A; = (X — 4;) is bi-w-s(A, 0)-open,
and so [ 246.;]: X iEL{X — [ 4;) is bi-w-s(A, §)-closed.
icJ ied
4. Assume that A; is bi-w-p(A, §)-closed for all i € J.
Then X — A; is bi-w-p(A, )-open.
Thus X — (N A, = U(X — 4;) is bi-w-p(A, §)-open,
and so () ;iJz X iEZIX — ) 4;) is bi-w-p(A, 0)-closed. O
icJ i€
Proposition 4.1.36. For a subset A of a bi-w space (X,w',w?), the following

properties hold;
1. A is bi-w-s(A, 0)-closed if and only if bi-ify o (bi-c(} ;5(A4)) € A.
2. A'is bi-w-p(A, 0)-closed if and only if bi-c{} 5 (bi-if} 5 (A)) C A.
Proof. * 1. (=) Suppose that A is bi-w-s(A,#)-closed.
Then X' — A is bi-w-s(A, 0)-open and so X — A C bi-c(j g(bi-if) 5 (X = A)).
By Lemma 4.1.29, X' = 'A C bi-c() g (bi-i() oy(X — A))
= bi_C’EUA,G) (X — bi-CEUAﬁ) (A))

=X - (bi‘i%UA,e) (bi‘CEUA,e) (A)))-
Consequently, we obtain bi-i(} , (bi-c(} 4 (A)) C A.
(<=) Suppose that bi-if) 4 (bi-c{} 4(A)) € A.

Then X — A C X — bi-ifj o (bi-c(} 5 (A4)) and by Lemma 4.1.29, we obtain
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- bi'cq(VUA,Q) (X - bi'CwAﬂ) (A))

This implies that X — A is bi-w-s(A, #)-open and so A is bi-w-s(A, §)-closed.

. (=) Assume that A is bi-w-p(A,6)-closed.

Then X — A is bi-w-p(A, #)-open and so X — A C bi-iffy  (bi-c{} 5 (X — A)).

By Lemma 4.1.29, X —A C biit} o (X —bi-it} 4 (A)) = X =(bi-ct} o) (bi-it% (A))).
Consequently, we obtain bi-c{} ; (bi-if} o (A)) C A.

(<) Assume that bi-c{) 4 (bi-ify 4, (A)) C A.

Then X — A C X — bi-c(} 5 (bi-i{} ;(A)) and by Lemma 4.1.29, we obtain

X — A C X —bi-c() g (bi-i(y 4 (A))
= bi-il) ) (X — bi-il 5 (A))

= bi_iEUA,G) (bi_C’EUA,Q) (X — A))

This implies that X — A is bi-w-p(A, 6)-open and so A is bi-w-p(A, 0)-closed. [



CHAPTER 5

Conclusions

The aim of this thesis is to introduce the results of properties of some sets in bi-weak
structure spaces. And we study some properties of boundary sets, exterior sets and
dense sets in bi-weak structure spaces are introduced. Some properties of their sets
are obtained. In particular, some characterizations of closed sets in bi-weak structure
spaces using boundary sets or exterior sets are obtained. Moreover, we introduce the
notions bi-w-(A, #)-closure and bi-w-(A, @)-interior on bi-weak structure spaces. The

results are follows:

1) Let (X, w',w?) be a bi-w space, A be a subset of X and » € X. We called z is
a wywj-boundary point of A if x € cyi(cyi(A)) N eyi(cwi(X — A)). We denote
the set of all w;w;-boundary points of A by wBdr;;(A).

From the above definition, the following theorems are derived:

1.1) Let (X, w' w?) be a bi-w space and A be a subset of X.
Then wBdr;;(X — A) = wBdr;;(A).
1.2) Let (X, w', w?) be a bi-w space and A C X. Then the following statements
hold;
1.2.1) wBdrs(A) = cyi(Cwi(A)) = iyi(iwi(A));
1.2.2) wBdr;;(A) Mi,i(igi(A)) = &5
1.2.3) wBdri;(A) Miyi(i, (X = A)) =
1.2.4) cyi(cyi(A)) = wBdriy(A) Uiy (igyi(A));
1.2.5) "X =viyi (i (A)) UwBdr;;(A) Uiy (i, (X — A)) is a pairwise disjoint
union;
1.2.6) cyi(cyi(A)) = wBdri;(A) U A.
1.3) Let (X, w', w?) be a bi-w space and A C X. Then
1.3.1) A is bi-w-closed if and only if wBdr;;(A) C A.
1.3.2) A is bi-w-open if and only if wBdr;j(X — A) C (X — A).
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1.4) Let (X,w',w?) be a bi-w space and A be a subset of X. Then
wBdr;;(A) = @ if and only if A is bi-w-closed and bi-w-open.

Let (X, w!, w?) be a bi-w space, A be a subset of X and z € X. We called x
is a wiw-exterior point of A if T € 1,(iy (X —A)). We denote the set of all

w'w?-exterior points of A by wEuwt;;(A).

From the above definition, the following theorems are derived:

2.1) Let (X, w', w?) be a bi-w space and A C X. Then

2.2) Let (X, w', w?) be a bi-w space and A, B be two subsets of X. If A C B,
then U)E.Cl?tw(B) - wExtU (A)

2.3) Let (X,w',w?) be a bi-w space and A be a subset of X. Then A is
bi-w-closed if and only if wExt;;(A) = X — A.

2.4) Let (X,w', w?) be a bi-w space and A be a subset of X. Then A is
bi-w-open if and only if wEzt;;(X — A) = A.

2.5) Let (X, w', w?) be a bi-w space and A be a subset of X. If A is bi-w-
ClOSCd, then wEth (X — wEa:tZJ (A)) = wEth (A)

2.6) Let (X, w', w?) be a bi-w space and A, B be two subsets of X. Then

2.6.2) If A and B are bi-w-closed, then wEzt;;(A)\JwExt;;(B) = wExt;(AN
B).
2.7) Let (X, w',w?) be a bi-w space and A, B be two subsets of X. If A and
B are bi-w-open, then wEaxt;;(X = (AU B)) = AU B.

Let (X, w', w?) be a bi-w space. A subset A of X is called a w'w’-dense set

in X if X = Cwi(ij (A))

From the above definition, the following theorems are derived:
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3.1) Let (X, w*, w?) be a bi-w space and A be a subset of X. If A is a wiw’-
dense set in X, then for any non-empty bi-w-closed subset /' of X, such

that A C F, we have F = X.

3.2) Let (X, w', w?) be a bi-w space and A be a subset of X. The following

are equivalent.

3.2.1) If F is non-empty bi-w-closed subset of X such that A C F, then
F=X.
3.2.2) GN A # @ for any non-empty bi-w-open subset G of X.
3.3) Let (X, w', w?) be a bi-w space and A C X. If A is a w'w/-dense set in

X, then GN A # @ for any non-empty bi-w-open subset G' of X.

3.4) Let (X, w', w?) be a bi-w space and A be a subset of X. Then i, (7, (X —

A)) = @ if and only if A is a w'w’-dense set in X.
3.5) Let (X, w' w?) be a bi-w space and A be a subset of X. Then A is a
w'w/-dense set in X if and only if wExt;;(A) = @.
Let (X, w", w?) be a bi-w space and A € X. The bi-w-closure of A is defined
as follows: bi-c*(A) = N{F' | F is bi-w-closed and A C F'}.

From the above definition, the following theorems are derived:

4.1) From the above definition, we obtain that A C bi-¢*(A) for all A C X.

4.2) Let (X,w', w?) be a bi-w space and A be a subset of X. Then = €
bi-c”(A) if and only if AN U # & for all bi-w-open set U containing .

4.3) Let (X,w',w?) bea bi-w space and A be a subset of X. Then A is a
bi-w-closed if and only if A = bi-c*(A).

Let (X, w!, w?) be a bi-w space and A be a subset of X and z. Then z €
bi-cy (A) if and only if AN bi-¢*(U) # @ for all bi-w-open set U containing .

Let (X, w', w?) be a bi-w space and A be a subset of X. Then A is called
bi-wg-closed if and only if A = bi-cj’(A). The complement of bi-wy-closed is

called bi-wg-open.

From the above definition, the following theorems are derived:
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6.1) Let (X, w', w?) be a bi-w space and A be a subset of X. Then bi-c¥(A) C
bi-cy (A).

6.2) Let (X,w', w?) be a bi-w space and A be a subset of X. Then A C
bi-cy (A).

6.3) Let (X, w', w?) be a bi-w space and A be a subset of X. If A C B, then
bi-cf'(A) C bi-cf (B).

6.4) Let (X, w', w?) be a bi-w space and {A; | i € J} be a family of subsets of
X. If A is bi-wp-closed for all i € J, then () A; is bi-ws-closed.
icJ
6.5) Let (X, w',w?) be a bi-w space and A be a subset of X. If G; is a

bi-wy-open set for all i € J, then | J G; is a bi-wy-open set.
i€

6.6) Let (X, w!, w?) be a bi-w space and A be a subset of X. If A is bi-w,-

closed, then A is bi-w-closed.

Let (X, w",w?) be a bi-w space and A be a subset of X. A subset bi-w-Ay(A)
is defined by

X, if Bi-wyO(A) = &;
bi—w—Ag(A) =

where Bi-wyO(A) = {G : G is bi-wg-open and A C G}.

From the above definition, the following theorems are derived:

7.1) Let (X, w!, w?) be a bi-w space and A € X be a subset of X. Then A C
bi-w=-~Ag(A).
7.2) Let (X, w', w?) be a bi-w space and G C X be a subset of X. If G is a
bi-wg-open set then bi-w-Ay(G) = G.
7.3) For subset A, B and A;(i € J) of a bi-w space (X, w', w?), the following
properties hold :
7.3.1) If A C B, then bi-w-Ag(A) C bi-w-Ag(B);
7.3.2) bi-w-Ag( bi-w-Ag(A)) = bi-w-Ag(A);
7.3.3) bi-w-Ag(N{A; | i € I}) € N{bi-w-Ag(A;) | i € I};
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7.3.4) bi-w-Ag(U{A; | i € I}) = U{bi-w-Ag(4;) | i € I}.

8) A subset A of a bi-w space (X, w’, w?) is called a bi-w-Ag-set if A =bi-w-Ag(A).

From the above definition, the following theorems are derived:

8.1) For subset A and A;(i € I) of a bi-w space (X, w', w?), the following

properties hold :
8.1.1) bi-w-Ay(A) is a bi-w-Ag-set;
8.1.2) If A is bi-wy-open, then A is a bi-w-Ay-set;
8.1.3) If A; is a bi-w-Ay-set for each 7 € J, then ﬂ A; 1S a bi-w-Ag-set;
8.1.4) If A; is a bi-w-Ay-set for each i € J, then fjj A, is a bi-w-Ag-set.

ieJ

9) Let A be a subset of a bi-w space (X, w!, w?).

i Ais called a bi-w-(A,0)-closed set if A =T NC, where T is a bi-w-Ag-
set and C' is a bi-wy-closed set. The complement of a bi-w-(A,#)-closed
set is called a bi-w-(A,0)-open set. The collection of all bi-w-(A, #)-open
(resp. bi-w-(A, 0)-closed) sets in a bi-w space (X, w!, w?) is denoted by
bi-w-AgO(X, w', w?) (resp. bi-w-AgC'(X, w', w?)).

ii A point z € X is called a bi-w-(A,0)-cluster point of A if for every bi-w-
(A, 0)-open set U of X containing z, we have ANU # &. The set of all
bi-w-(A, 0)-cluster points of A is called the bi-w-(A, 6)-closure of A and is
denoted by bi-c{} 4 (A).

From the above definitions, the following theorems are derived:

9.1) For a subset A of a bi-w space (X, w',w?), x € bi-c{,(A) if and only if

U N A #@ for every bi-w-(A, #)-open set U containing z.

9.2) Let A and B be subset of a bi-w space (X, w',w?). For the bi-w-(A, 0)-

closure, the following properties hold :
92.1) AC bi-ci(”A,e)(A);

9.2.2) bi-c(} 4 (A) =({F'| AC F and F is bi-w-(A, )-closed };

)

9.2.3) If A C B, then bi-cf} 4 (A) C bi-cl} , (B):
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9.2.4) If A; is bi-w-(A,#)-closed for each i € J, then (] A; is bi-w-(A, 0)-
icj
closed;

9.2.5) bi-cf ) (A) is bi-w-(A, f)-closed.

)
9.3) Let A be subset of a bi-w space (X, w!, w?). Then A is bi-w-(A, §)-closed
if and only if bi-cf) 5 (A) = A.

10) Let A be a subset of a bi-w space (X, w?!, w?). The union of all bi-w-(A, 6)-
open sets contained in A is called the bi-w-(A, 0)-interior of A and is denoted

by bi-i} 4 (A).

From the above definition, the following theorems are derived:

10.1) Let A and B be subsets of a bi-w space (X, w!, w?). For the bi-w-(A,6)-
interior, the following properties hold:
10.1.1) bi-iE”Ayg)(A) C A
10.1.2) If A C B, then bi-iE”A’B)(A) C bi-il(”Aﬁ)(B);
10.1.3) If A; is a bi-w-(A,#)-open set for all i € J, then |J A; is a bi-w-
i€j
(A, 6)-open set.
10.2) For a subset A of a bi-w space (X, w*, w?), the following properties hold;
10.2.1) bi-iffy (X—A)=X— bi‘C?A,e)(A)-
10.2.2) bi-c{ 5 (X — A) =X — bi- '“’A,Q)(A).
10.3) Let A be a subset of a bi-w space (X, w", w?). For the bi-w-(A, §)-interior,
the following properties hold:
10.3.1) A'is bisw-(A,6)-open if and only if bi-i(y »(4) = A;
10.3.2) bi-if 4, (A) is bi-w-(A, 0)-open.
10.4) For a subset A of-a bi-w space (X, w',w?), the following properties hold;
10.4.1) bi-cf 4 (bi'd(UA,G) (A) = bi-c”E”Aﬁ)(A).
10.4.2) bi-if) 4 (bi-i”é”Aﬂ)(A)) = bi-z”é"Aﬂ)(A).

10.5) For a subset A of a bi-w space (X, w', w?), the following properties hold;
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11) A subset A of a bi-w space (X, w!, w?) is said to be:

1 bi-w-s(A, 0)-open if A C bi-cf o (bi-if 5 (A)).

i bi-w-p(A,0)-open it A C bi-iffy o (bi-c(y o(A)).

The family of all bi-w-s(A,6)-open (resp. bi-w-p(A,#)-open) sets in a bi-w-
space (X, w', w?) is denoted by bi-w-sAyO(X, z) (resp. bi-w-pAyO(X, z)). The
complement of bi-w-s(A,#)-open (resp. bi-w-p(A,#)-open) sets is sad to be
bi-w-s(A, 6)-closed (resp. bi-w-p(A, 0)-closed) sets. The family of all bi-w-
s(A, 0)-closed (resp. bi-w-p(A,0)-closed) sets in a bi-w-space (X, w', w?) is
denoted by bi-w-sAyC(X, ) (resp. bi-w-pAyC(X, x)).

From the above definitions, the following theorems are derived:

11.1) In a bi-w space (X, w', w?), the following properties hold;

I1.1.1) If A; is bi-w-s(A, ¢)-open for all i € J, then |J A; is bi-w-s(A, 6)-open.

11.1.2) If A; is bi-w-p(A, 0)-open for all i € J, then 6] A; is bi-w-s(A, 6)-open.

11.1.3) If A; is bi-w-s(A, 6)-closed for all i € J, tlzic]n (N 4; is bi-w-s(A, 0)-
closed. i

11.1.4) If A; is bi-w-p(A,;6)-closed for all i € J, then [ A; is bi-w-p(A, 0)-
icJ
closed.

11.2) For a subset A of a bi-w space (X, w', w?), the following properties hold;
11.2.1) A is bi-w-s(A, )-closed if and only if bi-if} 4 (bi=cf} 5 (A)) C A.
11.2.2) A is bi-w-p(A; )-closed if and only if bi-c{} 4(bi-i{} 5 (A)) C A.
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